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Problem 1

Denote by dimy the Hausdorff dimension of subsets of R”. Prove that, if A C R*¥ and B C R", then

dimg (A x B) < min{dimg(A4) + n, dimgy(B) + k}

Solution

Proof. Note that it suffices to show that dimy (A x B) < dimg(A) + n, since we would then be able to
apply identical logic with A and B switched to see the other bound. To accomplish this task, we will show
that Hmm (A)+nte( 4 x B) = 0 for all € > 0. In fact, we will show that Hdm#(A)+nte(4 x Br) = 0 for every
ball B C R" of diameter R (radius £), from which the result will follow via a countable union. We proceed.

Let R > 0 be arbitrary. Let ¢ > 0 be arbitrary. Let d4 := dimpgy(A) for notation. By definition of the
Hausdorff dimension,
HIAT(A) =0 = HIT(A)=0 V6>0

Let § > 0 be arbitrary. Let v > 0 be arbitrary. Then, by definition of the infimum there exists an efficient
countable cover {F;};en of A consisting of sets of diameter < § such that

Wd 4+ . d

et S (B <
i€N

For each ¢ we will attempt to cover Br C R™ with sets of diameter at most diam(F;). The following lemma

helps us understand how large such a cover must be.

Lemma 1. Let 0 < r < R, and let Bg C R" be the closed ball around the origin of diameter R. Then, there
exists a cover {F;}N., of Br such that diam(F;) = r for all j and Br C Ujvzl F;. The size of this cover is

N =[&2]"

Proof of Lemma 1. Let Cg := [—%, %]n be the n-dimensional box of width R centered at the origin in
R™. For each x € Bg, we know that |z;| < % for each coordinate 7, and so x € Cg; thus, Bg C Cgr. We may
efficiently tile Cr by cubes of width % (and thus diameter r) by placing them edge to edge. To do so will

n
require {%—‘ = {RT‘/?‘ cubes in each dimension, and so we see that we may cover Cr with N := {R%ﬁ—‘

=
sets of diar;eter r. The result of the lemma follows. =

RV2 T

Now, for each i € N we may apply Lemma 1 to instantiate a cover {F; ; };V:(? of Br with N (i) = [diam(&)

and diam(F; ;) = diam(F;). Therefore, since {E; };cn covers A, we find that

N(3)
AXBRQ U U(E’LXFLJ)
ieN j=1
Furthermore, we know that

diam(E; x F; ;)* = diam(E;)? + diam(F; ;)* = 2 diam(F;)?

- dlam(El X Fi,j) = \@dlam(El) < (5\/§
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So, we have that {£; x Fj j}ien, je[n(i) is a countable cover of A x Bp by sets of diameter < 5v/2, and so

N(4)
da+n+e Wd s+ +6§ :2 : . n+e
H(S\A/g + (A X BR) S WZ‘Ff dlam(Ei X FiJ)dA"r +
ieN j=1

_ Wda+n+e Z N(i)(\/i)dA-l-’rH-e . diam(Ei)dA-l-n-i-e

2dA+n+e
1€N
_ Wda+nte R\/i ! da+n+te : da+n+te
B % diam(Ez‘)—‘ (V2)"+mre . diam(E;) ™
n
Wd s +n+e RV2+44 da+n+e 7 datn+e
2)datnte . diam(E;)%4

< 9da+n+te % <diam(Ei) (\[) 1am( )

[ Wdatnte n da—n+e | | Wd 4+e . Nda+te
- (wm (RV2 +6)"(V2)44 ) <2dﬁ€ iGZNdlam(E,) A >

< <wdA+7l+€ (R\/i+§)n(ﬁ)dAn+€> -,

wd,4+€

where for the first inequality we used the definition of H§ as an infimum over such covers, for the second

inequality we used that | - ~ | < — ~+1= tdiam(F;) I - as diam(E;) < 4§, and for the
ety we v ot [ 508 | < i 1 DAMSE) 0543 () < 6, and for th

last inequality we used our selection criteria for {F;};. Since such a bound holds for all v > 0, we may take
v — 0 to find that

HIAT (A x Br) =0
Since this holds for all § > 0, taking a supremum over § reveals that
HIATF(A x BR) =0
Since this holds for all R > 0, we may use the countable subadditivity of measure to see that

HAatnre(A x RY) = platrte ( U (ax BR)> <D HWITTH(A X BR) =0
ReN ReN

Since A x B C A x R™, monotonicity of measure grants that
HIATHE(A x B) < HAATMHE(A X R™) = 0,
and so dimg (A x B) < d4 4+ n+ €. Since this holds for all € > 0, we find that
dimgy (A x B) < dimg(A) +n
We may apply identical logic as above with the roles of A and B reversed to see that
dimgy (A x B) < k + dimg(B)

Thus,
dimpy (A x B) < min{dimg(A4) + n, dimy(B) + k}

as desired. m
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Problem 2

Prove that there is an uncountable closed set £ C R which has zero Hausdorff dimension.

Solution

Proof. Let ¢(n) := n(n+1)/2 for all n € N for notation. We will construct a Cantor ternary-type set where
at step n we remove a middle portion so that what remains on the left and right sides are each a proportion
== of the original interval. Let F, denote the set that we have after step n. So, E; = [0,1] U [2,1].
3 3 3
Next, for each interval of size % we remove all but the left and right 3% proportions of that interval; so,
By, = [O, %] u [2%, %] u [%, %—?} u [%, 1}. We continue by removing from each interval of size % a chunk such
that the proportion of the interval remaining is 3%, on the left and right; so, each interval in E3 would be of
217 3% = 3% Continuing this indefinitely, we see that F,1; C F, for all n € N and each set F, is a

size 5= -
disjoint union of 2™ closed intervals, each interval having size ﬁ = . Define the set

36(n) *
E:=()Ea
neN

We claim this set E has the desired properties.

Firstly, each F), is a finite union of closed intervals, and so is closed. Since E is an intersection of closed sets,
E is closed. To see that E is uncountable, note that we may form a injection sending any real number in
[0,1] with no 1’s in its ternary expansion (an uncountable set) to elements of E. The proof of this proceeds
exactly as in the proof of the uncountability of the usual ternary Cantor set. For each x € [0,1], write its
ternary expansion as z =y, C"s—(f) with ¢, (x) € {0,1,2} denoting the ternary coefficient in digit n (to
make this unique, we may avoid having coefficients of 1 as much as possible, such that we select .022222
instead of .1 and .2 instead of .11111). Define

A={ze[0,1]: cplx)#1 VneN}

Then, A is uncountable since its cardinality is as large as {0, 2}, which is itself uncountable. Define a map
f:A— E as follows: for n € N, use the n*" digit to determine whether we map z to an element in a left
interval (if the n'" digit is 0) or right interval (if it is 2) of E,. To see that f is well defined, note that
at the nt" digit we are restricted to an interval of width ﬁ, and so traversing the ternary expansion of
an element & € A provides a Cauchy sequence in R, which will converge to f(z). This will certainly be an
injective map as if two ternary expansions disagree, say at position k£, they must be mapped to elements
that are in disjoint intervals in Fjy. So, as there exists an injective map from an uncountable set to E, we
see that F is also uncountable. Thus, it suffices to show that E has Hausdorff dimension 0.

To this end, let @ > 0 be arbitrary; we want to show that H*(E) = 0. Let ¢ > 0 be arbitrary. Let
d > 0 be arbitrary; we want to show that H§(E) < e. Let n be large enough that a¢(n) > n and

p(n) > Inax{710g3(5), élog2/3 (%) } Then, E C E,, and so H§(E) < H§(E,). Since E, is a disjoint

union of 2" intervals, each of size W% < 4 (and so it is a valid d-cover of F,,), we find by definition of an
infimum that

IN

2" o n ag(n) «
w 1 w 2 w 2 Wo 2%
a < Ya ) W 2 Wa (2 Yo € _
Hi(Bn) < 5 ; (3¢<n)> 90 ' 3a0(n) = 2a (3> 20wy ¢

So, H§(E) < e. Since this holds for all § > 0, by taking a supremum we know that H*(E) < e. Since this
holds for all € > 0, we know that H%(E) = 0. Lastly, since this holds for all & > 0, we find that dimg (E) = 0.
]
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Problem 3

Consider a Borel set A C R™ with 0 < H*(A) < co and a Borel set B C R™ with positive Lebesgue measure.
Prove that
H*™(A x B) > 0.

Solution

Proof. Let £™ denote the Lebesgue measure on R™. Let p:= (H*L A) x (L™ L B) denote the product
measure of the measure restrictions. For all z = (z4,2) € A X B we may write

(B, (x))

@ tm,* (/.t, J?) = lim sup —atm

r—0 waer
Observe that for B.(z) C R" x R™, B,(z,) C R", and B,(zp) C R™, we have
Y= Wa, 1) € Br(z) = lly = 2l® = llya — zall® + llye — 21> <72
= |lya —@al* <r? and |lyp — al* <7
= Ya € Br(xa) and Yy € Br(xb)
= y € B.(z4) X Br(xp),
and so B,.(z) C B,(z,) X B,(x}). By monotonicity of measure and the defintion of product measures,
w(Br(z)) < w(By(wa) x By (xp)) = H*(AN Br(2q)) - L™(B N By (ab))
So, for all z = (z4,23) € A x B we have

HO(AN By (24)) - L™(B N B, (x3))

Ot™* (i, z) < limsup

r—0 Wa+mra+m
*(AN B, ™(BNB,
_ Sty (H2AN Bele)) | £7(BN D))
Wa+m r—0 Wozra mem

Observe that L™ (B, (xp)) = wmr™, and so by monotonicity of measure

L™(BN B.(xy))  L™(BN B (xp)) <1

L™(BN By(xp)) < L™(Br(xp)) =

W7 — Lm(Be(w) T
Thus, for all x = (x4, 2) € A X B we have
*(AN B,
@a+m,*(’u7x) S WaWm lim sup H ( N 7(33@))
Wa+m r—0 wa'ra
Now, we know that since H*(A) < oo it holds that for H%-a.e. z, € A,
1 “(AN By (24
— < O%*(4,z,) = limsup M <1
2« r—0 Wa T

Therefore, for p-a.e. x € A x B we have

@aer,*(,u,:L,) < Walm

Wa+m
Since the density ©*T™* (4, z) is bounded above for p-a.e. © € A x B and A x B is Borel, we find that
(A x B) < %H“*mm x B) = HY(A) - L™(B) < Z’fﬂﬂwmm x B),
a+m at+m

where we used the fact that pu(A x B) = H*(A) - L™(B) by definition. Since H*(A),L™(B) > 0 by
assumption, the result follows. m
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Problem 4

Assume the validity of the following statement: every Borel A C R* with H%(A) > 0 has a Borel subset E
with 0 < H*(E) < co. Use Problem 3 to prove that, if A C R¥ is Borel with H*(A) > 0 and R C R" is
k-rectifiable with H*(R) > 0, then

HY"* (A x R) >0

Solution

Proof. When k£ = n then the result comes from a routine application of Problem 3. So, suppose with-
out loss of generality that k < n. We start by applying the assumed statement to find A C A such that
0 <H*A) <HY(A) < 0.

Next, since R is k-rectifiable, we may write

R=NulJE;,
JEN

where H*(N) = 0 and each E; is a Borel subset of a k-dimensional Lipschitz graph. In other words,
E; CT; ={(z, fi(z)):x € Rk}

for some Lipschitz f; : R¥ — R"*. By countable subadditivity of the H* measure, we know that there
must be some j € N for which H*(E;) > 0, since otherwise we would have that #*(R) = 0, a contradiction.
For notation purposes, write F := E; and f := f; for this choice of j. Note that we may lift f to a map
F:RF = R" via 2+ (z, f(z)). Tt follows that F' is Lipschitz via

[F(@) = F()|* = [l =yl + [ f(x) = f@)II* < (1 +Lip(f)?) & — ylI* = Lip(F) < /1 + Lip(f)?
Recall the following lemma from class.
Lemma 2. If F : R*¥ — R" is Lipschitz and E C R* has Lebesque measure 0, then H*(F(E)) = 0.

By the contrapositive of Lemma 2, we see that F~1(E) must have positive Lebesgue measure in RF since
H*(E) > 0. So, by Problem 3 (which we may apply since F' Lipschitz = F continuous = F~(E)
Borel) it holds that

e (A x F—l(E)) >0,

where A x F~1(E) C R* x R*. Now, note by definition of F (as a lifted version of f) that F~!(E) is simply
the projection of E onto the first k coordinates. More precisely, consider the map P : R¥ x R* — R* x RF

sending (1, ..., 2k), Y1y« s Yks Ykt 1s - - -5 Yn)) = (1, ..., 2%), (Y1, ..., yx)); then, we have that
Ax F"YE)=P(AxE)
Furthermore, since the projection map P is clearly 1-Lipschitz, we get
0 < Hotk (A X F—l(E)) = otk (P(A X E)) < HOTF(A x E)

By construction, we know that A C A, and also that E = E; € R. Thus, Ax E C AxR, and so by
monotonicity of measure we get

0 < HOMH(A x E) < HYF(A x R)
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Problem 5

Consider the function f,, : [0, 1] — R which takes the value m2=™" on every interval [2k2—™ (2/4;—1—1)2_’”2} -
[0,1] and the value —m2~™" on the remaining portion of the domain. Define

[= me
m=1

Show that the graph I'(f) of f has positive and finite #! measure and that it is purely unrectifiable.

Solution
Proof. We will prove the following claims:
1. The infinite sum defining f converges everywhere on [0, 1], and so f is well-defined.
2. HYT(f)) >0
3. HYT(f)) < o0
4. For all Lipschitz functions g : [0, 1] — R, the graph I'(g) has that H(T'(f) N T'(g)) = 0.

All these claims taken together certainly prove the desired results, and so we proceed in order.

7m2

(1) We show that the sum is absolutely convergent. For any z € [0,1], we know that |f,,(z)| = m2

for all m € N. As such,
Dolfm@) = m2

meN meN

Let N € N be large enough that for all m > N we know m > /3log,(m) (we can do this since the LHS
grows faster asymptotically than the RHS). Note that for m > N, we have

m > /3logy(m) = —m? < —3logy(m) = 27 < —
Then,

N N
S @l = 3 @) + 3 m2 ™ < S )+ Y o < oo,

meN meN meN
m>N m>N

which clearly converges. So, the infinite series defining f(z) converges absolutely, which means that it con-
verges. Since this holds for all z, we see that f is well-defined.

(2) We show that the projection of I'(f) to the z-axis has positive H' measure. In particular, let P, :
[0,1] x R — [0,1] be the projection map sending (z,y) — «; certainly, it holds that P, is 1-Lipschitz. So,

H (P (D(f)) < H'(D(S))

However, for each = € [0,1] we know that (z, f(z)) € T'(f) = =« € P,.(T'(f)), and so P,(T'(f)) = [0, 1].
Thus,
#'([0,1]) < H'(D(f)) = H'(T(f)=21>0

(3) We continue with the following lemma.
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Lemma 3. Let f be defined as above. Let m € N, j € {0,.. L omt 1}, and x,y € (j2_’”27 (j+ 1)2_m2).
Then, we know that

Proof of Lemma 3. By selection of z and y, we know that f,,(x) = f,.(y) for all n < m (this is because
an interval on which fj41 is constant is contained in an interval on which fy is constant). As such, we have
that

f@) =)l =| Y. @ =H|< D @) - i)
k=m+1 k=m+1

We know by definition of fi that |fi(z) — fi(y)| < 2k2=% always. So, |f(z) — f(y)| < 23 it k2=
Since the function k2% is decreasing in k for all £ > 1, we may upper bound this sum by the integral that
it is the right Riemann sum of. Explicitly,

f@) - fy)l<2 S ke <o /wmwwz

k=m++1 m

Computing this integral with a substitution u = 2,

oo 27m

@)= sl < [ 2=

m2

as desired. m

Lemma 3 is the tool that we need to succeed. We will show that H(T'(f)) < /1 + ﬁ. To this end, let

In
Op 1= 2" for all n € N ; this sequence clearly approaches 0. Let n € N be arbitrary. Then, 6—1” € N is even.

For each £k =0, ..., % — 1, define the rectangles in the plane

Ii = [2k6,, (2k +1)8,] x [f (2k6n+;) _1115(22)’ f <2k6n+;> N 15(2)}

and

3 b2 3 On
= [(2k + 1)d,, (2k + 2)4, 2k, + = ) — , 2ké, + =
= [k i 2626 |7 (200, +3) = it 7 (20004 5) + 5]
We know by Lemma 3 that the rectangle I). contains the graph of fiags, (2x+1)s,) because over this interval,
the function can only vary by a maximum of hfﬁ; the analogous result holds for each Ji. As such, we see

that
-1
20n
rfHc |J vk
k=0
Furthermore, we see that each I, and J is a rectangle of width §,, and height ﬁsﬁn)v and so it is of diameter

Onr/1+ ﬁ. Thus, by definition of the Hausdorff premeasure as an infimum,

= —1 L 1
H! MU LUJ, | << S (diam(Iy) + diam(Jy)) = L 20,4 1+ 4 1+ 4
N e Ul B R g M0, In(2)> In(2)>2

By monotonicity, for all n € N we have

e e
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Since the sequence {6m /1+ ﬁ} approaches 0 and this bound holds for all n, it also holds in the limit.
So, "

HEW) = ) <41+ g5

as desired.

(4) Consider the lower density

H'(D(f) N Bs((, f(2))))
26

O1(L(f), (z, f(x))) = liminf

Let € > 0 be arbitrary. Let n > 0 be arbitrary. We will show that for almost every x € [0,1], thereisa § <17
for which

HU(D(f) N Bs((z, f(2)))) < 6(1+¢)

To this end, write ¢ := 2 — 3%(2) ~ 1.04 > 0 and select a m € N large enough that
e max{g’ R ilog2<n/c>+;)}
ce

Then, we have the following properties:

1.
2 2 2 2 2 2
m>3 = ecm2™ ™ < |(2— ——— |m27"" =2m2™"™" — 2™
m1n(2) In(2)
2.
m>— — — <€
ce
3.

2
m > 2(ViTles/o+s) (logz(m) - 2) > g~ logaln/o)
= —log,(m)? + log,(m) < logy(n/c)
= —m? +logy(m) < logy(n/c)
= m2" < g — em2" <,

where to get from the second to third line we used that m > logy(m) for m > 0.

Let z € [0,1]\{k27%": j €N, ke{0,...,27" —1}} (ie. @ is any point that is not a jump), which is a set
of full measure. Define § := em2~™" < n. For all k € {0,..., om® _ 1}, define I, := (k;2_m2, (k+ 1)2_m2).
Let n be the unique integer such that = € I, (the intervals are disjoint and we know z is not on their
boundaries). Then,

=0 |k—n|]>cm

I -4, 5
k(@ e ){#w else

By construction of §, there are at most 2cm + 1 distinct intervals Ip with nonempty intersection with
(x — 4,z + 9). Furthermore, we know by definition of f,, that for all y € I,

0 |k — n| even
2m2=™" |k — n| odd
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By Lemma 3 and the reverse triangle inequality, when |k — n| is odd we see that for all y € I,

2

1n(2)2 > 0,

@) = F@) = [2m27" + 3 (/@) = £i)| 2 2m2™ =

j>m

where the last inequality holds by property 1 from earlier and our selection of delta. So, we see that if
Bs((z, f(x))) is the ball of radius ¢ around (z, f(z)) € R? and T'(fy,) is the graph of the restriction of f to
Ik, then

#0 |k —n| even and < cm

=0 else

F(flk) N Bg(.l?, f(.I)) {

There are at most ¢m + 1 different intervals I satisfying the first possibility. So, since the endpoints of the
Ii’s contribute no mass and each Iy, is of length 2_m2, we may apply similar logic to that of (3) (i.e. covering
T'(f) N Bs(x, f(x)) with rectangles of heights given by Lemma 3) to see that

1
HIT(f) 1 B (o f(x)) < (em + 1)27" = em2™" (1 T m) <6(1+0),
where for the final inequality we used property 2 from earlier as well as our definition of . To recap,
we have shown that for all € > 0, all n > 0, and almost every = € [0, 1], there exists a 6 < n such that

HYT(f) N Bs(x, f(x))) < 8(1 + €). Thus, for all € > 0 and almost every z € [0, 1], we find that
d(l+e 1

! z, f(z €
O (. f(@))) = timint T OIUETED) g 201D 1 €

Since this holds for all € > 0, we may take e — 0 to see that for a.e. z € [0,1], OL(I'(f), (=, f(z))) < 4. This
immediately guarantees that T'(f) is purely unrectifiable. To see this, suppose for contradiction that I'(f)
has positive measure intersection with some Lipschitz graph. (i.e. 3 Lipschitz g s.t. H}(T'(f) N T(g)) > 0).
Clearly, it also holds by monotonicity of measure that for H'-a.e. z € I'(f) N T(g),

OLI(f) NT(g), 2) = limint ™ (F(f)ﬁgég)ﬂBa(ZD < timint (F(f)%m Bs(2))

1
< Z
-2

Since g is Lipschitz, I'(f) N T'(g) should be rectifiable, contradicting the fact that the lower density is < 2
almost everywhere. So, I'(f) cannot have positive measure intersection with any Lipschitz graph, and
therefore I'( f) is purely unrectifiable. m

10



