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Reifenberg’s Topological Disc Theorem

Leon Simon *

Here B, ={x € R" : |z| < p} and B,(y) ={xr € R" : |z —y| < p}.
First we introduce Reifenberg’s e-approximation property for subsets of R".

Definition: If ¢ > 0 and if S is a closed subset of the ball By, we say that S,
containing 0, has the m-dimensional e-Reifenberg approximation property in B; if for

each y € SN By and for each p € (0, 1], there is an m-dimensional subspace L, , such
that dy (S N By(y), y+ Ly, N B,(y)) <e.

Here dy;(A;, As) is the Hausdorff distance between Ay, Ay; thus dy(A;, Ay) = inf{e >
0 : A1 C BE<A2) & AQ C Be(Al)}

Now we can state the main theorem.

Theorem (Reifenberg’s disc theorem). There is a constant € = €(n) > 0 such
that if S, containing 0, is a closed subset of the ball By which satisfies the above e-
Reifenberg approximation property in By, then B; NS is homeomorphic to the closed
unit ball in R™.

In fact, there is a closed subset M C R™ such that M N By = S N By and such that
1s homeomorphic to a subspace Ty of R™ via a homeomorphism T : Ty — M with
|7(x) — x| < C(n)e for each x € Ty, and T7(x) = x for each x € Ty \ By. For any given
a € (0, 1) we can additionally arrange that T and 7= are Hélder continuous with
exponent a provided S satisfies the e-Reifenberg condition with suitable € = €(n, «).

We’ll need the following lemma in the proof of the above theorem.

Lemma 1 (Extension Lemma). Lete, r >0, let y1, ... ,yg be a finite collection of
points in R™ with |y;—yk| > r for each i # k, and assume that f : {y1,... ,yo} = RY
is given such that |f(y;) — f(yx)| < € whenever |y; — yi| < 6r. Then there is an
extension f : U; B, (y;) — RN such that [V f| < C(n)er™" and |f(z)— f(y:)| < C(n)e
forz € By (y;),i=1,...,Q.

Furthermore there is € = e(n) > 0 such that if N = n? (where R" is identified
with the set of n x n matrices in the usual way) and if each f(y;) is the matriz of an
orthogonal projection of R™ onto some m-dimensional subspace L; C R"™, then we can

*Expository lecture at Universitdt Tiubingen, May ’96; Research partially supported by NSF
grant DMS-9504456 at Stanford University



2 L. Simon

choose the extension f such that each f(x) is the matriz of an orthogonal projection
of R™ onto some m-dimensional subspace L.

Proof: The proof uses a partition of unity {t;} for U; By, (y;) of special type. Indeed
we claim that there is a partition of unity for U; Ba,.(y;) with ¢; € C(R"), ¢; =0
outside Bs,(y:), 1i(yi) = 1, and sup [Veh;| < C(n)r~.

We see this as follows: first let ¢)° be a C>°(R") function with ¢%(z) =1 for 2| < 3,

0 < ¢%x) < 1for < i]z| < 2, and ¢°(x) = 0 for 2] > 3. For each i =1,...,Q let
U0(2) = 0O, () = ¥ Migsa(1 — (), and ¥y(x) = +EL. This evidently
k YT

gives a partition of unity with the stated properties.

It is now straightforward to check that

is a suitable extension.

For the second part of the lemma we recall that the orthogonal projections onto
m-dimensional subspaces of R™ form a smooth (in fact real-analytic) compact sub-
manifold P of R™, and hence there is a § = d(n) > 0 such that there is a smooth
nearest-point projection map ¥ of the d-neighbourhood N of S onto S.

Now by the first part of the lemma we have an extension 70 such that | f(y;) —To(x)| <
C(n)e for each = € Bs,.(y;); but by definition f(y;) € S, so this means that if € is
small enough (depending only on n) we have fo(x) € N/ and hence we can define
f=Vo fo. Evidently then f has the correct properties.

The second lemma involves a simple observation about the subspaces L, , appearing

in the e-Reifenberg condition; in particular it shows that these must vary quite slowly
(up to tilts of order €) as y and p vary.

Lemma 2. Ife > 0 and if S satisfies the e-Reifenberg condition above, then ||L, , —
Ly, o|| < 32¢ and dist(y1,y2 + Ly, ,) < 32ep whenever y1, yo € SN By and 0 < § <
oc<p<1l

The proof, which involves only the definition of the e-Reifenberg condition and the
triangle inequality for dy, is left as an exercise for the reader.

Finally, we need the following “squash lemma”:

Lemma 3 (“Squash Lemma”). There is a constant ¢g = €y(n) such that the
following holds. If € € (0, €], p > 0, L is an m-dimensional subspace of R",

O(x) = pr(z) +e(x), T € Bs,,

where py, is orthogonal projection onto L and p~!|e(x)|+ |Ve(z)| < € for all x € Bs,,
and if
G={x+g(x): zeBs,NL}
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is the graph of a C' function g : Bs, N L — L+ with p~tg(z)| + |[Vg(z)| < 1 at
each point x of B3, N L, then ®(G N Bs,) is the graph of a C'-function g : U — L+
over some domain U with By, N L C U C L and with p~'|g] + |[Vg(x)| < 4e on
Bllp/4 N L.

Proof of the squash lemma: All hypotheses are written in “scale invariant” form,
so there is no loss of generality in taking p = 1, which we do. Now by definition

(1) Oz +g(2)) =z + e(x + g(x))

for x € Bo N L, and, if h(z) = e(x + g(x)), by the chain rule we have |d.h| < 2¢ at
each point z of L N By. Now we can write h = ht + hT| where h* = p} o h and
h' = pr o h. Then (1) says

(2) d(z+g(x)) =a+h"(x) + ht(x), x€ BynL.

Now let
Qz)=z+h"(x), v€B,NL,

and observe that

|[dQ —id| <2, |Q—id|<e on ByNL,

and hence, for small enough ¢ € (0, %), by the inverse function theorem (@ is a

diffeomorphism of B> N L onto a subset U where LNByy;4 C U C Land [dQ ' —id| <
2¢(1 4 2¢) < 3e. Thus (2) can be written

Oz +9(r) = Qz) +9(Qx)),  z€Buunl,

where § = pt o ho Q7! on U, and, since |dh o Q7! < 2¢(1 + 3¢) < 3¢, we have
|dg| < 3¢ and the proof is complete.

Proof of the Reifenberg disc theorem: The proof is based on an inductive
procedure, making successive approximations to S, = S N B; by C*™° embedded sub-
manifolds.

Let Ty = Lo 1 (which without loss of generality we could take to be R™ x {0}) be

an m-dimensional subspace such that dy (S N By, To N By) < €, and let r; = (%)J,

j =0,1,.... The quantity r; is going the be the “scale” used at the j™ step of the
inductive process.

We in fact define maps o; : R® — R" and subsets M; C R" for j = 0,1,..., as
follows:

For j > 1, let B, /2(y;i), i = 1,...,Q;, be a maximal pairwise disjoint collection of

balls centered in S, = B;NS. Then evidently S, C U?:leTj (yj:) and also dist (S, R™\
(U,L-Q:legrj/Q(yji))) > r;/2. When j = 0 we take Qg = 1, yo1 = 0, and My = Tp, 0p =
the orthogonal projection of R™ onto Tj.
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For j > 1 and for each i = 1,... ,Q; let L;; be one of the m-dimensional subspaces
Ly, sr; (corresponding to y = y;; and p = 8r; in the e-Reifenberg condition). Thus

d’H(S N B87‘j(yji)a (yﬂ + L]z) N B87‘j(yji)) < 867”]‘, Z = ]_, e ,Qj.
For 7 > 1 we have by Lemma 2 that
(1) d%((yji + Lﬂ) N Brj (yji), (ygk + sz) N Brj (yji)> < 26467”j

for any pair y;;, yer with |y;; — yer| < 6rj_1, where either £ = j — 1 and k €
{1,...,Qj-1} or £ =jand k € {1,...,Q;}. Notice of course that (1) implies

(2) \pji — pex| < 264e,  dist (yi, Yor + Lox) < 264er;

for such j, ¢, 14, k, where pj; denotes the orthogonal projection of R™ onto Lj;.

In view of the inequalities (2) (together with the fact that |y;; — y;x| > r; for each
i # k), we can apply the extension lemma with r = r;, with y;; in place of y; and with
the orthogonal projection pj; in place of f(y;), to give orthogonal projections p;, of
R" onto m-dimensional subspaces L;, such that p;, = p;; when x = y;; and

C(n)e

apj,m Qi
‘ Ot = r; v € U2 Boy (i), £=1,...,n,
(3) pje — piil < Cne, T € Ber(yji), t=1,...,Q;.

Next let 1)j; be a partition of unity for U?:leg,,j/Q(yﬁ) such that |Vy;;| < C(n)/r; and
support ¢j; C Bay,(y;i) for each i = 1,...,Q;. (This is constructed in precisely the
same way as our partition of unity for the extension lemma, except that we start with
a smooth function ¢ with support in By(0) rather than in Bs(0) as before; actually
the construction can be simplified here because we do not need v;;(y;;) = 1 and

%k(?/ﬂ) = 0 fOl" Z 7£ k?)
Now we can define o; and M; for 7 > 1. First we define 1

Qj
(4) 0j(x) =x =Y Vi(r)pj.(e—yy), weR",
=1

and then we take

(5) M; = 0;(M;-1).

First note that, since o;(z) = = for v € R™\ (UiQ:legrj (yji)), we have

(6) M\ (U Bar, (51)) = M1\ (U2 Bar, (1)

Lof course it doesn’t matter that the Dj,» are not defined outside UiQ:leQTj (yji) because the ;;
vanish identically there. (If you wish to be pedantic, you can define e.g. p; . to be the orthogonal

projection onto Ty for x € R™ \ (U?:legrj (yji))-)



Reifenberg’s Topological Disc Theorem 5)

for each j > 1.

We claim that each M} is a properly embedded C'*° m-dimensional submanifold of
R™ and that for each £ > 1 and each i € {1,... ,Qx}

Mj; N Bar, (yri) = graph gr;
(7) sup Vg <ve, suplgu| < yer.
where v > 1 is a constant (to be specified as a function of n alone) and where gy; is

a C'*° function over a domain in the affine space yi; + Li; with values normal to Ly;.

We want to inductively to check this. Observe that if j > 1 and if M;_; is a smooth
embedded submanifold satisfying (7) with £ = j — 1, then by the definition (4) we
have

oj(z )_x__Zk 1 J(x) (T = yjr)
Qj
(8) = = bs(@)pi = yie) + T (@) (0 — pr) (@ — ye).
Now for each i € {1,...,Q,}, we can pick an iy € {1,...,Q;_1} such that y;; €
B, (Yj-14i,). Then, assuming that (7) holds with k = j — 1 and with some constant
¥ = -1, for ¥ € By (y;) N Mj_1(C Bay,_,(yj-1i,) N M;_1) we can write v =

f"’gjfl(g)a with g];l(f) S LL —1ig> 5 € (y] 119 + L] 110) N B2T‘J 1<y] 110) and with
195211 4 [V gi-1(€)] < j-1€. Then we have, for each k € {1,...,Q;},

P = yi) = i1 (€ + 5-1(8) — Yj-140)
+ 05 14 Wik — Yimti0) + (D5 — Pj14,) (€ + 95=1(E) — wsn),

and using (2), (3) together with the fact that p;-,; (§ — yj-14,) = 0 (because & —
Yi—1iy € Lj_14,), we have clearly then that

pji(z — yir)|l < C(n)e(l +~;-1)r5, @ € By (yi) N M1, |yn — 5l < 6r;.

Using this in (8), and keeping in mind that for any i € {1,...,Q;} and for any
v € By, (y5i), we have that at most C'(n) terms in the sums on the right of (8) can be
non-zero, and that these terms correspond to the indices k such that |y;; — y;i| < 67},
hence, using also (3), we again deduce from (8) that

9) |0(x) — x| < C)A+y-1)er;, @ € U Boy (y3) 0 M.

By first differentiating in (8) and using similar considerations on the right side, we
also conclude

(9)’ sup |V'(0;(z) — 2)| < C(n)(1 +7;-1)er;,

:L“EMjfl

where V' denotes gradient taken on the submanifold M;_;.
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We refer to (9) and (9)’ subsequently as “the coarse estimates” for |o;(x)—x|, because,
although useful, they are insufficient in themselves to complete that inductive proof
that there is a fixed constant v = 7(n) such that (7) holds for all k; indeed after
k applications of this coarse inequality, we will only have established that (7) holds
with v = C(n)*.

Now assume that 7 > 2 and that (7) holds for k = 1,...,j — 1, take an arbitrary
ip € {1,...,Q,}, and write yo = Yj4iy, Po = Pjiy, and Ly = Lj,,. Since ZzQ:G Y =1
inU; = UZ-Q:leg,,j /2(y;:) we can rearrange the defining expression for o; to give

(10) o;(x) = Yo+ po(x — o) +e(x), xeUj,

where e is given by

Qj
(11)  e(z) = iji(fc)pé(yﬂ ) Z%z (Pje — Do) —y;i), =€ R

Now observe that by (2) and (3) we have |p;, —po| < C(n)er; for z € Be,;(yo). Using
additionally the first inequality in (3) and the fact that |Vi;;| < C(n)/r;, it then
follows easily that

(12) rj_l|e(x)| + |Ve(z)| < C(n)e, if v € Bs,j2(v0),

where C(n) is a fixed constant determined by n alone (and which is independent of
any properties of M;_;; in particular it is independent of whatever constant v appears
in (7)).

But now we can apply the Squash Lemma with 7,(x) = o;(z + yo) — yo in place of
®, 27, in place of p, and C(n)e in place of e. Assuming that (7) holds with ~, € such
that ve < %, we thus conclude

(13) o;j(M;_1 N By, 2(y0)) = Gy,

where G; = {x + g;(z) : = € Q;} is the graph of a C* function g; defined over a
domain €2; contained in the affine space yo + Lo with By, /s(y0) N (Yo + Lo) C €5 and
with

(14) Tfl‘gj’ +|Vyg;| < C(n)e, € Buy,s(yo) N (Yo + Lo),

with C'(n) not depending on fy Of course since |oj(x) —z| < C(n)ye (by (8)), we thus
have, so long as C'(n)ye < 55 that o;(M;_1 N Bsy2(y0)) D 05(Mj-—1) N Biir,s(v0),
and hence (13) and (14) 1mp1y

(15) M; 0 By, s(yo)) = G,

with G still as in (14).
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Now we actually need to establish a result like this over the ball By, (o) rather
than merely over By, s(y0); to achieve this, we observe that each y;; is contained
in one of the balls B, (y;j-14,) for some ig € {1,...,Q;_1}, and so B, /4(y;) C
Bsy;_/a(yj-1i,)- Also, by using the above argument with j — 1 in place of j and with
1g in place of 7, we deduce that

(15) M1 0 By, ys(Yi-140)) = Gj1,

where Gj_1 = {z+g;_1(x) : = € Q;_1} is the graph of a C* function g;_; defined over
a domain €2;_; contained in the affine space y;_1:, + Lj_14, With Bi1,,_ /8(¥j-14) N
(yj—lio + Lj—lio) C Qj—l and with

(14)  rlgial + Vgl < C(n)e, @ € Buy,_yys(Wi—1i0) N Wi—140 + Li—14o)-

But then by using the coarse estimates (9), (9)’ we deduce that in fact (7) holds with
k = 7 and a fixed constant v which depending only on n and not on ~.

Notice that since S, C U?:lerj (yj:) it is clear from (7) and the e-Reifenberg condition
in the ball BQTJ. (yji); that

(16) S* C BC’(n)Erj(Mj)7 ] Z 0.
Notice also that (7) tells us that for j > 2
Qj Qj
M; 0 (U2 Bar, (y50)) © (Ui Bomyer, (y5i + Lji)) € Bomer, (5),

and hence, since M; \ (U; By, (y5:)) = M1\ (Ui Bay, (y5:)) by mathematical induction
it follows that

(17) Mj N Bl+rj/2 C Bc(n)er‘j(s>

for each j = 0,1, ..., provided € < ¢y, where €y = €g(n).

Next we want to show that the sequence 7; = g;00,_10--- 0|1} is a sequence of C*
diffeomorphisms of Ty onto M; which converge uniformly on Tj to a homeomorphism
7 of Ty onto a closed set M. In fact notice that by (8) we have

n
) - ma@l < Ce (5) + iz 1 e
and hence by iterating we get
1\’
(19 esta) = @) < Cle (§) G20k, 0 €T

which shows that 7; is Cauchy with respect to the uniform norm on 7j, and hence 7;
converges uniformly to a continuous map 7 : Ty — R"™. Of course 7 is the identity
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outside By because each o; is the identity outside By. We let M = 7(1j), so that
M is a closed subset of R" and in fact is the Hausdorff limit (with respect to the
Hausdorff metric dy) of the sequence M; = 7;(Tp). Notice in particular that setting
J = 0 and taking limit as k£ — oo in the above inequality, we get

(19) |T(x) — x| < C(n)e, x €Ty

(Thus 7 is in the distance sense quite close to the identity if € is small.)

Next we want to discuss injectivity of 7;, 7; in fact we’ll show that 7;, 7 are injective
and that both 7 and 77! are Hélder continuous.

To establish this, we first claim
(20)  (1=Cn)e)lz —y| < loj(z) —o;(y)| < L+ C(n)e)lx —yl, x,y€ M,
or equivalently

(20)" 0,(2) — 0y(y) — (@ )| < Cln)ele —yl, .y € My,

To prove this, note that if |z — y| > r; with x, y € M,_;, we can write

|0j(2) = 0;(2) = (z = y)| = |(0;(2) = x) = (0;(y) = y)|
() = = +|oj(y) — vl

|
[
Cn)er; < Cn)efr -y,

I/\ IN

where we used (8) in the second inequality.

Now if |z — y| < r; we use the definition (4) to write

(05(x) — ;1)) — (& —y) = 22, (Wi (@)t — yj0)
— (Wi, (v — ),  x y€R"

and note that we can rearrange the sum here to give

(0j(2) = 05(y)) = (& = y) = X2, (¥l Wy — w)
+ 5i(2) (D50 — P3) (Y = w5a) + (Wi(@) = L5a(y) )05y (¥ — w5)) -
Now the second group of terms is (by (3)) trivially < C(n)e|z — y| in absolute value
for any x, y € R" with | — y| < r;. Further if =, y € M;_, then by virtue of (7)

(used with y in place of z) we see that the first and third group of terms on the right
is < C(n)e|x — y| in absolute value. Thus we again get (20).

Now it is easy to establish the required injectivity and continuity of 7. In fact by
iterating the inequality (20) we get

(21) (@) =Wl <A+ Ce)l|lz—y|, z,yeTp, j>1,
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and by (8) we have
ITi(x) — -1 ()| < Cery, zeTpy, j>1,
and so (Cf. the discussion of uniform convergence of the 7; above)
(22) |7;(z) — 7(z)| < Cer;.
Then by the triangle inequality, for any 7 > 0 we have
m(z) = 7(W)| < [r(z) = 75(0)] + |75(2) = (W) + |75(y) — 7(y)]

<20 (n)erj + (1 + C(n)e) |z — y|

<r;+(1+C(n)ef|z —y| if 2¢C(n) < 1
Now let @ € (0, 1) be arbitrary and take x, y € T with 0 < |[x—y| < l Choose j such
that r; < |z —y|® and (14 C(n)e)! < |z —y|~U=); thus we need j > o5 log <‘x y‘>

and also j < %leg <|x ) Since log(1 4+ C(n)e) — 0 as € | 0, we see that

such a choice of j € {1,2,...} exists provided e < €y, where ¢y = €y(n, ). Then the
above inequality gives

IT(z) —7(y)| < 2]z —y|*, =, ye T, with |z —y| < 1.

Thus we can arrange for Holder continuity with any exponent o < 1. Similarly we
have from the first inequality in (20) and (22) that
)

< (1+Ce) ’TJ@; —7;(y)|
< (1+Cel (|75(2) = 7(2)] + |75(y) — 7(y)] + | 7(2) = 7(y)])
< (1+C(n)e) (Cn)er; + |7(z) — 7(y)|)

and j is again at our disposal. We in fact first choose € such that C(n)e < 1, so that

|z =yl < (1+Cn)e) (r; + |7(z) — 7))

and then choose j such that a € (0, 1)
; 1 :
47 < 5]1: — vyl and (1 4 C(n)e)! < |z —y| /=),

Notice that this requires j > log(2/|x—y|)/ log (HCL(”)J and j < o (1—a)log(1/|z—

y|)/log(1+C(n)e), and again certainly such a choice of j exists provided 0 < |z —y| <
% and provided we take € < ¢, for suitable ¢y = €y(n, ). In this case the above in-

equality gives

He—y| <z —y ™ r(x) —7(y)|, |z —y| <3,
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which of course gives
2 —y|* <2r(z) —7(W)l, lv—yl <3

Thus 7 is injective, and the inverse is Holder continuous with exponent «;, for any given
a € (0, 1), provided the e-Reifenberg condition holds with € < ey, where ¢y = €y(n, ).

Now the proof of the Reifenberg inequality is complete, because we have shown that
7 maps Ty Holder continuously onto M with Holder continuous inverse, and by (16)
and (17) we have

MAB, =S.,

because (by (19)) M; converges to M with respect to the Hausdorff distance metric.
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