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Problem 8.1

Explain how the chessboard inequality can be used to derive a Peierls-like bound on the probability that a
given simple loop is realized as a contour in the Gibbs equilibrium state of the two dimensional Ising model
with periodic boundary conditions.

Solution

Proof. Consider a two dimensional Ising model with periodic boundary conditions; we know this system to
exhibit reflection positivity across any axis-aligned hyperplanes. For any Peierls contour 7y, we have many
bonds between neighboring (—, +), and we wish to bound the probability of such a contour forming. So, fix
a simple loop y for the rest of the proof. Suppose, without loss of generality, that v has more vertical bonds
(—,+) across it than horizontal ones (put differently, suppose that walking along v crosses more vertical
edges of the lattice than horizontal ones). We will use the chessboard inequality to derive a bound of the
form
P{~ is realized as a Peierls contour} < e=#!

To start, fix a finite volume A and consider a family of reflections across the following family of axis-aligned
hyperplanes:

e a horizontal hyperplane along the lattice points for each possible integer y-coordinate
e a vertical hyperplane between the lattice points for each possible half-integer x-coordinate

This system will divide A into almost-disjoint boxes (Bg)aecr, each containing exactly one vertical edge of
the lattice; conversely, each vertical edge of the lattice is contained in precisely one box B,. In other words,
there is a bijection between vertical edges of the lattice and the finite index set I, and so we can label vertical
edges with our index set I. Let I, be the set of indices corresponding to the vertical edges that -y crosses.
As such, we can define the random variable X, for a € I, to be a 1 if the vertical edge o has a + outside
of v and a — inside, and 0 otherwise (i.e. X, = 1 iff the vertical edge « helps v be a Peierls contour with +
outside and — inside). Then, for each a € I define the observable F, : 2y — R by

Fu(o) Xo ac€el,
al0) =
1 otherwise

Note that each X, and therefore each observable F,,, depends only on the configuration of sites contained
within each box B,; in other words, F, is o(B,)-measurable for all a.

With this construction, we have boxes (By)aer (generated by reflections that the system is reflection positive
across) that tile A and functions F, that depend only on the sites contained in their respective box B,; this
sets us up perfectly for an application of the chessboard inequality. The theorem gives

H Fa(UBa)] < HE

acl acl

/11
E H Ff(UBa,)‘|

a’el

For any o ¢ I, note that E [[],..; F#(op,,)] =1 trivially, since F,, = 1 for such o. Now, for a € I, we
know that the prospective contour v crosses edge «, and so F, takes the value X,. This means that the
product [],..; F#(op,,) takes values in {0,1} with the value of 1 if and only if F#(op_,) = 1 for all &,
which in turn happens if and only if the entire configuration ¢ has the pattern that across each row the spins
are constant, and from row to row the constant values of the spins flip (this pattern can be seen by reflecting

and conjugating F,, across each of the hyperplanes of the construction). Let ¢* denote the configuration
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exhibiting this pattern. So, for a € I, we get that E [[],.; F#(op_,)] is none other than the probability
of this patterned configuration ¢* forming, which is

E|[] FZ(os,)

Z
a’'el A

] e—BHA(C")

Note that for periodic boundary conditions and a volume with an even number of rows/columns, the energy
Ha(0*) = 0; this is because each site has 2 neighbors with the same spin and 2 neighbors with the opposite
spin, nulling its contribution to the energy. We can weakly lower bound Z, as follows: note that

Bim 3 ez oo
gENA

where o1 is the particular configuration with every site having spin +. We compute that Hx (o) is simply
equal to the (negative of) the number of adjacent pairs of sites in A, which is 2|A[; this is because each edge
on the lattice contributes -1 to the energy and each site in A yields 4 edges, though we must divide by 2 to
avoid double counting. This reveals that Z, > 625‘/\', and so

E

I Fos,)| = R I
a’'el ’ ZA

(A small caveat is that for the above reasoning, the actual pattern ¢* depends on whether B, has a + or a
— on top; either case yields the same estimate, however, so we move on). So, we get that

I1 F#( >] <{€‘25'A el
Hop,,)| <

el 1 otherwise

E

This means that the RHS of the chessboard estimate is bounded above with

1/11]
I M=\ )| <M

ael acl, a'el acl,

/] /1Al

Il F# (o5,

a'el

[T F# (o5,

a’'el

a€cl,

where the first inequality is because E [[].,c; F¥ (o, )] < 1 and |A| > |I|. Note, however, that if the
contour + is realized then it must be the case that F,(op,) = 1 for all « € I by definition of F,,. This means

that

P{~ is realized as a Peierls contour} < E

H F, (UBQ )‘|

acl

Applying the chessboard estimate and our bound on the RHS from earlier,

P{~ is realized as a Peierls contour} < H E

1/]1]
1 £#(os.., >] < e2AIh|
a€cl

a'el

To conclude, note that since y crosses more vertical edges than horizontal ones, |I,| > |vy|/2. This yields the
Peierls-like estimate
P{~ is realized as a Peierls contour} < e #Il,

as desired. m

< [[ 2 =205,
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Problem 9.1

(a) For the Ising model with the nearest neighbor interactions and periodic boundary conditions on [0, L]
express in terms of the transfer matrix the finite volume expectation value of a product of n spins at
specified sites (2;)je(1,...,n}-

(b) Write down the corresponding expression for the + boundary conditions.

Solution

Proof of (a). We can compute in the transfer matrix formalism, using Dirac notation, completeness
relations, and a trick involving the matrix S, that

. )
<H >(W tr (T ST =1 8., T —n-1 STL =)
Oz; =

- )

tr(TL)
[0,L]

0 eBT+h) =BT
1] is the z-Pauli matrix and and T = o—BT  BT—N) is the transfer matrix. (Note:
I do all these steps in part (b), so I didn’t feel the need to repeat them here). By the cyclic property of the

trace, this equals

1
h -
where S {O

tr(ST*2=o1 8. Ton=n-1 §PL=(@n—z1))
tr(TL)

Proof of (b). For the + boundary conditions, we must do something a little different. Firstly, let
|+) denote the state of positive spin. We can compute

ZN= 3 e
o1,...,o0€{£}
= > (HTlow){o1|Tlo2)...or1|T|oL) (oLl T|+)
01,0 €{£}
= (+|T"|+),

where the second line comes from the definition of our Hamiltonian and the transfer matrix, and the third
line comes from completness relations. With this, we find

(+) n

[0,L] B,L o1,...,0€{£} \J=1
1 n
=— > [Tow | (Tl (o1|T|o2) o1 |TloL) (oL T|+))
B,L o1,..,one{£} \J=1
1 2 T T2 —T Ty —T —z
= pen) H +|T 1|011><0m1‘T 2 1|0z2>---<0—mn_1|T n n71‘o.xn><o_xn|TL n|+>
Zs.L Ty JmnE{i} J=1
1 e -
= S T SIow 0w, [T S0, [T S0, ) (o, [T )
Z,B L ozy,y0z, €{£}
1 [T ST 721G, T¥n=Tn STL=2n| 4
=—5 <—|—|T$1,S'TI2 1 G PETn—%n-—1 gpL— mn|+> < | - | >’
Z,B L (+|TE|+)

where the third line comes from using the completeness relation for o; ¢ {o;;}7_, the fourth line uses a
trick via S, and the fifth line applies the rest of the completeness relations. m
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Problem 9.2

Using what is known about the spectrum of the one dimensional transfer matrix 7', prove that in the one
dimensional Ising model the spin-spin correlations decay exponentially in the distance; that is, they satisfy

(020,57 = (o)) o)) | < Cemov=

at some « > 0. Identify « in terms of the spectrum of T'.

Solution

Proof. Note that for the one dimensional Ising model with periodic boundary conditions, the transfer matrix

takes the form
[eﬁww BT

T BT BTN

Diagonalizing this matrix (it is Hermitian, and thus diagonalizable), let its (real) eigenvalues be A1, Ag,
corresponding to eigenvectors |11), [t2) (since T is Hermitian, the left eigenvectors are (11|, (¢2|). Clearly,
the entries of this matrix are all positive, and so we can apply the Perron-Frobenius Theorem. This gives us
that the eigenvalues satisfy |A2| < CAre™ for some o > 0 and some C; we can compute

Now, let us note by the the result of Problem 9.1(a) with z; = x that

(ver) _ tr(STT)

=lo1] = 7Ty
Writing this out in the eigenbasis of T', we get

(o) #E) — (V1|ST [yh1) + (Pa|ST [2) _ AF(41]S[¢h1) + A3 (2] S|eha)
HoL (1|T " [ihr) + (2] TH[th2) A+ A5

Appling Problem 9.1(a) with 21 = x, 29 = y that

(ery _ tr(STW==lgTL=ly=al)
<Ur0y>[o,L] = tr(TT)

Let us denote r := |y — x| for notational convenience. We can compute in terms of the spectrum of 7" that

tr(ST"STE™") = (41 |ST"STE"|3f1) + (42| ST"STE"|4hy)
= AT STTS Y1) + AL (1| ST S|wb)

Note that we can express any operator in the basis of outer products of our eigenbasis; in other words, we
write

S = S11[Y1)(Y1] + Si2]th1) (2| + Sa,1[12) (1] + S2,2]t02) (Y2l

where S; ; = (¥;|S|;) (to convince yourself that this is a legal move, note that in the {|i;)}; basis, each
[1hi) ()] is simply a matrix with a 1 in the (4, j) position and 0 elsewhere; such rank one operators clearly
span the space of all 2x2 operators). From this representation, we see that S|y;) = S1;[¢1) + Sa,:|12) since
the basis is orthonormal. Plugging this in, and noting that S; ; = ﬁ we get

(| ST S|api) = S1,: (i ST |1p1) + S2,:(3i| ST |1)2)
= S1,:A1 (il S|1) + S2,: A5 (1| S|ep2)
= 818 N] + S9.4Si 2Ny = [S1[2N] 4+ [Sa.4]? b

Problem 9.2 continued on next page. .. )
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With this result, we can finally simplify

tr(ST"ST ") = AL 7" (IS1a P AT + [S2,1[°A5) + AF 7 (1S1.21P AT 4 [S2,22A%)
= M[S11[% + AJ 1822 + (AL T7AL + ATAL )| S12)?
So,

(per) _ ATIS1A + AF1S22” + (AT T"A5 + ATAZ )| S1af?
(0209)10,1] = L 1L
: AT+ A5

and
(per) _ MG+ 2352

<Uz>[0’L] - )\1L+)\£,

This allows us to compute the connected correlator

(003057 = (02057 — (o) b7 (@) or)
_ ISP 4+ AE S22 + ATTTA + AATT)IS12? [ AFSL1 + AESa s ?
B AL+ AL A+ A

1 2
- ( ) CZEIS 1l NAES) 12 + APAE|Sal? + A2F| S

MY
TS AT AT AT S o
= A IS1f* = A3F1S2.2f” — 20 A 51152.2)
1 2
— _ . ()\L)\L(S1’1 - 52,2)2
(A%H%) v
+ FF TN+ AT AFTARY AR S0

Now, the bound that 0 < [Az] < CAje”® and the triangle inequality gives

usonfe)

1 2
< (57) (0REeE(s11 = S0 4 (CXFeer 4 Ao (B0 1 CAFEmel40) 4 OB ) 5,7
1

Let d(z,y) := min{|y — z|, L — |y — z|}. Then, d(z,y) <aforalla€ {r,L —r,L,L+r,2L —r}, and so

(per)

2
1
o] < (37) - e (S0 = S+ 1510P)
1

— O od(z.y) ((51,1 — 52’2)2 + 4|S1,2|2)

Letting ¢ := C ((S1,1 — S2,2)* 4+ 4]51,2/?) (note that this doesn’t depend on L,z, or y), we get the desired
result that

‘ <Um§ Uy)EgELT]) ‘ < ce—ad(z,y)7

where a = In(A\1/X2) and d(x,y) = min{|ly — x|, L — |y — z|}. =
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Problem 9.3

Consider a one dimensional system of Ising spins with nearest and next-nearest neighbor interaction, of the

H[(\per) (0) = — Z Tp—y0z0y — h Z Oz,

{z.y}ca €A

form

with 7, # 0 only for u < 2.
(a) Express the system’s pressure in terms of a finite dimensional transfer matrix.

(b) Prove, possibly relying on some of the general results quoted above, that also in this system do the
truncated spin - spin correlations decay exponentially fast.

Solution

Proof of (a). Let J; denote the value of 7,_, when |z —y| = 1, and similarly let J> denote the value of
Jz—y when |z —y| = 2. We then have

L

L
Héper) (0) = — Z(jlo'a;a'w+1 + J20:0242) — hz T
r=1

=1

where indices o, are taken mod L to assert the periodic boundary conditions. For intuition, consider a
window of length 2 sliding across the Ising chain. If the window currently contains (o, 0,+1), then the next
window position will contain (0441,0,42). The contribution to the Gibbs factor of the interaction between
these two windows should be e#(J1920w+1+72020212)+6how . note that this counts each interaction exactly once
as the window is slid across. So, we require a 4 x 4 transfer matrix 7' with the property that

<Umgm+1 |T|0r+10m+2> — B(J10200114+T20:0042)+Bhos

and that there is 0 contribution from windows without any overlap. The construction for such a matrix
looks like

eJ1+T2+h eJ1—J2+h 0 0
T 0 0 e~ N+Tath  o=T1—Tath
T e Ti=Jet=h =1+ T2—h 0 0 )
0 0 eJ1—J2—h eJ1+J2—h

where the indices in order correspond to (04,0.41) = (++),(+—),(—+),(——). Note that if the second
value of the column index isn’t equal to the first value of the row index, there is a 0 in the matrix. This is
to ensure that the windows always overlap.

From here, we can repeat the usual completeness relation logic to find

T
o1,...,op€{t}
= Z (0102|T|o203)(0203|T|0304)...{or01|T|0102)
01,0 €{x}
= tr(TT)

So, if we write the eigenvalues of T' as A1, ..., Ag with |A1] > |A;] for all 4 > 1, then
L L L
(per) _ \L , \L |, \L , \L _ \L A2 A3 A4
ZP = A F AL+ E 0 E = A <1+ ()\1> + </\1) + ()\1

Problem 9.3 continued on next page. .. 7
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where |A;/A1| < 1 for all ¢ > 2. Then,

U(B,h) = lim L1 Z%D =Ind + lm (14 (2 L+ 2 L+ O =InA
’ _Ll_{%oLn gL T A Ll—>ngoLn A1 A1 A1 -
n

Proof of (b). The reasoning for this will closely follow the proof of Problem 9.2; so I will make each

a b 0 O
. . . . 0 0 ¢ d
step a bit shorter for clarity. Firstly, note that for matrices of the form A = F o ool we get
e
0 0 g h

a? ab bc cd
ec cf dg dh
ea eb cf df

eg fg gh W
elements and T2 has strictly positive elements. This means that we can apply the Perron-Frobenius Theorem

A? = . Since T is such a matrix with a,b,c,d, e, f > 0, we find that T" has nonnegative

here. In particular, if the spectrum of T" has eigenvalues [A1] > ... > |A4| and right eigenvectors [¢1), ..., [4)
and left eigenvectors (4], ..., (¢4|, then A; is real and positive and |z, |A3], [Aa] < CA1e™@ for some a > 0.
As before, with the matrix
1 0 0 0
0 -1 0 0
S 0O 0 -1 0
0 O 0 1

encoding the possible values that a window could take and their contributions to the sums in the expectations,

the expectations are
(per) _ tT(STL)

Oado.L] = oirEy

and ly—sl gLty
r tr(STWY—*IST-~Wv~=
(0,0 >(Pe ) _ r(s S )
y/[0,L] tr(TE)
Once again, denoting 7 := |y — x| and S, ; := (¢;|S|¢;), we still have for some constants C; that

4
(@il STTSp)| = |3 8748:5X5| < Cadj(1+ 3e7°7)

j=1
Letting d(z,y) := min{|y — x|, L — |y — x|}, we again get that
tr (ST ==l STE= =2l < AE(|S) 4 |? + Cem @)
for some constant C. So, we find that

ery  tr(STW—2lgTE=ly=2l 1 _
(o0 517) = ( ) < A (IS1? + Cemdtn)

tr(TF) - (Zj AJL)

for some new constant C. Therefore, since (with a use of big-oh notation here)

2
Ls. -
()P (Y (Per) (2,%55) _ AES1A P+ ATFO(e )
@/0,0) \Tv/o.L) = N 2
GG

)

Problem 9.3 continued on next page. .. 8
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the A\2L| S 1|2 term will fall out when we compute (o; UQ%QLT]) = (al.oy)fé)eg]) - <Uw>fé)€£]) <Uy>fge£]). We therefore

get via the triangle inequality that

1
<—— (A%LCG*”‘d(Ly) + )\%LO(efo‘L)) <

=)

2L
)‘1

(25%)

(per)

‘<Ux§ 0y>[o,L] Qc/eiad(%y)

2L
for an appropriate choice of C’. However, since (2;\17)2 <1, we get that
3N

(per)

’ <U:c§ Uy> [0,L] < C'emad@y)

as desired. m




