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Problem 1

Solution

Proof. Let f € L'(R?) and let {K;}s-0 be an approximation for the identity; then, Ks(x) is integrable
on R? for all § > 0. By Problem 4(d) on Problem Set 5, we already know that since f(x), Ks(z) are both
integrable on RY, then so is (f * K5)(x).

Now, let us denote the difference between f and f x K5 as g(x) := (f * Ks)(x) — f(x). Then, since
Jra Ks(y)dy = 1, we can say

f@) = [ f@Ksly)dy — g(z) = / (f(z—y) — f(2)Ks(y)dy
R4 R4

So,
lg9(z)| < / |flx—y) = f(@)] - [Ks(y)ldy,
R4

and therefore

loller < [ ([ 186 =0~ @) slay ) ao

Note that by Corollary 3.7 and Proposition 3.9 of Chapter 2, we know that both f(z) and f(z — y) are
measurable on R? x R%, which certainly means that |f(x —y) — f(z)| is. In addition, K;s(y) € L*(R%) by
definition of an approximation to the identity, and so | Ks(y)| must be measurable on R%; this, in turn, means
by Corollary 3.7 that it is measurable on R? x R?. Then, the function |f(z—y)— f(z)|-|Ks(y)| is nonnegative
and measurable on R? x R%, which means we can apply Tonelli’s Theorem to switch the integrals. Denoting
fy(x) = f(z —y) for each y € R?, we get

lallr < [ ([ 11 =) = 1@ K5ty ) o
= [ ([ 15 =0 1@ 1Kstlas ) @
= [ sl ([ 116 =) = siaae) ay

= [ 8y = Al sty

Let ¢ > 0. By Proposition 2.5, f, converges to f in L' as y — 0; so, there exists an 7 > 0 such that
|fy — fllr < € whenever |y| < 7. This allows us to split the integral and see

gl S/< ||fy*f||L1|K5(y)|dy+/ fy = Fllr [ K5 (y)ldy
yi<n

ly|=n

<ef Kswldy+ [ Nty il Kstwldy
lyl<n lyl=

By property (ii) of approximations to the identity, f\y|<n |Ks(y)ldy < [pa |[Ks(y)|dy < A for some con-
stant A independent of §. By property (iii), there exists some § > 0 such that for all &' < §, we
have f\u >0 |Ks (y)|dy < e. Lastly, by the triangle inequality and translation invariance of the integral,
| fy — fllor <||fyller +11f]lzr = 2[|f||L:. Putting this all together, we find that for all ¢’ < §

lglls < e /| Ky + / 1y — Flls K ()l dy
yI<n

ly|>n

< Ae+2\|f\|u/ K5 (y)ldy < Ae +2||f]| e

ly|=n

Problem 1 continued on next page. .. 2
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Since such a § exists for all €, we see that ||g||z1 — 0 as § — 0. Therefore, f x K5 converges in L! to f as
0—=0. m
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Problem 2

Solution

Proof. Let f € L'(R™) be not identically 0. Then, ||f||z: = D for some D > 0. By Proposition 1.12(i),
there exists some ball B such that [po |f| < 2 = [G|fI = Ifllr = [pe |fl > D -5 =2 > 0. Let
a := sup,¢p || be the maximal distance from the origin to a point in this ball, and let A := max{a,2} > 1.
Now, for each « € R", let B, be the ball centered at the origin of radius A|x|. Then, for all x with || > 1
we have that

Alz| > |z = z € B, and Alx| >a = B C B,

So, we get that since | f| is nonnegative and B C B,,

1 1 D2 e
m(B,) /B 12 iy V> i = o

for some constant ¢ > 0 (here, ¢ = WDBl(O)) where B1(O) is the unit ball). Therefore, for |x| > 1 we

have )
C
>
s oy [, V1=

f*(z) := sup 1>
B, |z]

because of the definition of a supremum and the fact that B, > x. This fact shows that f* is not integrable
on R™ since it is larger than ¢/|z|™, which is itself not integrable. To see that ¢/|z|™ is not integrable, it
suffices to note that by Riemann integration,

c [T cn d
‘xln - tn+1 t
|]
So, we get that by Tonelli’s theorem,

/ﬂ \Jf| /n /x| tn+1dtdx_/ /]l{|g«\<t}tn+1dtdm / / ]l{|ﬂ<t}tn+1dxdt

> en t" <1
_ /0 O m(BL(0))di = en - m(By(0)) /O et = en - m(B1(0)) /O L,
where B(O) is the ball of radius ¢ about the origin, which we know has measure ¢" - m(B1(0)) with B1(O)
the unit ball. Since the integral fooo %dt diverges by the p-test (it is greater than its right Riemann sums,

which diverge by the p-series test), we can confirm that ‘x% is not integrable on R™; therefore, neither is f*.

Suppose now that f is supported in the unit ball with ||f||x = 1. Let E, := {z € R" : f*(z) > a}.
For each 2 with |z[ > 1, let Bj;(O) be the ball of radius |z| about the origin. Then, by virtue of the
supremum in the definition of f* we have

1
{x.|x|>1andm(B|w(O))/Bz(O)|f|>a}CEa

Note that since B),(O) D B1(O) for such x and f is supported in the unit ball, me(O) If| = fBl(O) If| =
[|fllzr = 1. Therefore,

{x:|a:|21and C E,

1
m(By (0)) ~ O‘}

1 . . . 1 .
If a < B0 this set is not empty. In these cases, the set {x |z] > 1 and (B (0) = a} contains

m

the set Bo(O) \ B1(O) for the a such that m = a (we selected « small enough that ¢ > 1). To
see this note that for all 2 € B,(O) \ B1(O) we have Bj;(O) C B,(0) = m(B|,1|(O)) > m(Bi(O)) = a.

Problem 2 continued on next page. .. 4
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So, B,(0) \ B1(0O) C E,. However, we can also show that B1(O) C E,; indeed, if © € B;(O) then
m]Bl(o) |f| = m > o — f*(l') > o — T E Ea Therefore,

B,(0) C B, = m(E,) > m(B,(0)) =

1
o

as desired. m
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Problem 3

Solution

Proof of (a). Fix o > 0. Suppose that f € L*(R™). Let fi(x) := Lz, |f(a')|>a/2} - f(2). Then,

/R" il = /{|f>a/2} = /{a/2<|f|<1} I /|le d

Note that over the region {|f| > 1} we must have that |f| < |f|?. So,

/|m§/ m+/ LNS/ m+/|m
Rn {a/2<|f|<1} [f1>1 {a/2<|f|<1} Rn

Since f € L*(R"), we know that [p, |f|* is finite. So, to prove f; € L'(R"), all we must do is show that
f{a/2<‘f|<1} |f] is finite. However,

/ f< 1=m{a/2<If] <1)
{a/2<]f]<1} {a/2<]f]<1}

mmm<m<uﬁmeM<m%ans%/ P < 2 01fllze < oo,
{a2/4<|f|?<1} a

Since

(07

we know that m({a/2 < |f| < 1}) is finite, and therefore that f{a/2<\f\<1} |f] is as well. So, we get that
Jan |f1] < oo, and thus that f; € L*(R™).

Now, suppose that f*(x) > « for some z. Then, there exists a ball B such that [, |f| > o - m(B) by
definition of f*. Therefore,

«
aem(B)< [ 1= [ o1+ [ f<f 1+ 5 m(B).
B BO{|fI>a/2} Bn{|fI<a/2} BO{|f|>a/2}

where the last step is since BN {|f|] < a/2} C B and |f| < /2 over the region of interest. However, the
result above reads that

(07

1 o
2”“m<ﬂmpwyf‘4”1:>mmﬁﬂ”>2

Since this value is attained by the given B, it certainly holds for all balls containing x, and so f;(z) > a/2.
Since this held for all = s.t. f*(x) > a, we then find that

(07

{o: /@) >a}c {a: fi2) > 5}

With these two above results, we can prove the claim. Note that by Theorem 1.1(iii), we have that

m ({w P () > %}) = a3n /R A= 2 '04371 /{|f>a/2} /

by definition of f;. Finally, monotonicity of measure grants that

m({z: f*(z) > a}) < m({x fi(z) > %}) <t /{|f>a/2} g

(07

as desired. m

Problem 3 continued on next page. .. 6
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Proof of (b). Let us begin by noting that the function F(z,a) := L4} (z) is measurable on R" x Rt
by measurability of f*, which comes from Theorem 1.1(i) (I proved this result in Problem 3 on Problem Set
5). So, the function al s+ 4} () is as well, which means that we can apply Tonelli’s Theorem. In particular,

2/0oo am({f* > a})da = 2/00004 (/Rn ]l{f*>a}(x)dm) do = 2/n (/000 a]l{f*(x»a}da) dx

a a< f*(z)

Since alyf(z)>a} = {0 olse , we get that

2AwamGﬁ>nﬁMa=2/n(Aﬁwamgdx:2/nriﬂjTMw:/nUW@Fm

Proof of (c). We have from part (a) that am(E,) < 2 - 3" f{\f|>0¢/2} |f]- Plugging this into the re-
sult from (b), we get

112, <2 - 2.3 dr | do=4-3" - dz | d
171122 < A ( lAﬂMﬂ“ﬂ@MO a A (A”Mmﬂﬂwzg "

Since 1| ¢|>a/2}|f] is nonnegative, we can apply Tonelli’s Theorem to switch the integrals and get that

1FI72 <4-3" /R (/0 1{|f(z>|>a/2}|f(fﬂ)lda) de=4-3" / | f ()] (/0 ]l{f(m)l>a/2}d0‘> dx

(Note that in the above, we use the fact that the function F'(x, a) := 1y|f|>a/2} (%) is measurable on R x R,
which I proved on Problem 3 of Problem Set 5). We can note by the relative scale invariance of the integral
that

o o 1£(@)]
/0 1| f(2)|>a/2ydo = 2/0 1| f(a)|>ado = 2/0 da = 2| f(z)|
So,
|uw;ssaf/|ﬂmrumwm=83ﬂm&2

n

Since the square root is monotonic,

1/l < V8- 37| f]] 2

as desired. m
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Problem 4

Solution

Proof. Let (r,)nen C Q be an enumeration of the rationals. Define the function f: R — R by

o0

F) =3 gl (@)

n=1
Firstly, we note that this function is bounded and increasing. To see boundedness, note that for any x € R

F@l= Y <Y g =1,

neN neN
rn<T

we have

where the inequality holds since each element of the sum is nonnegative. To see that f is increasing, let
x < y be arbitrary. Then, there exist some rationals lying in between x and y that contribute something
positive to the sum. In particular,

1 1 1
W)= 1@ =3 o= Y o= 3 >0,

neN neN neN

rn<y rn <z <<y
and so f is actually strictly increasing (there is always a r,, in between x and y). Also, clearly f is discon-
tinuous at each rational, since there is a jump of size 2" at each r,,. Now, note that the convergence of the
partial sums is uniform. To see this, let € > 0. Let N’ be such that Z:,O:N/ 2™ < €. Then, for all N > N’
and all x € R we have

N 0o 00

1 1 1 1
f(l') o Z 271[7”7»»00)(1‘) = Z 271[7””,00)(37) = Z 27 < 27 < 27 <€

n=1 n=N+1 n>N n>N n=N’

So, the convergence is uniform. Therefore, to see that f is continuous at all irrationals, it suffices to show
that every partial sum is continuous at all irrationals since continuity is inherited by uniform convergence.
To this end, let N € N be arbitrary. We want to show that the function

iy
fN(fﬂ) = Z 27]]'[7’71700) (.’,C)
n=1

is continuous at each irrational. However, each 1}, ) is certainly continuous at every irrational z, since for
each z € R\ Q there exists a ball around z with radius < [z — 7| such that 1}, .. is constant on this ball.
Since fy is a finite sum of functions continuous on R\ Q, we therefore have that fy is also continuous on
R\ Q. Lastly, since fy — f uniformly as N — oo, we get that f is also continuous at every point in R\ Q.
So, f is bounded and strictly increasing, and its set of discontinuities is precisely Q, as desired. m
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Problem 5

Solution

Proof. If a,b > 0, let

( = ) Suppose that f is of bounded variation in [0,1]. Consider the family of partitions {Py}nen given

for each NV by
N —1/b
tk = (kﬂ' + 5)

for £ < N, with zyp = 0 and xn = 1. Note that for such t;’s, we always have
sin(t?) = sin (kn + 2 ) = (1) = f(t) =t - (-1

Therefore, we can sum the variation over these partitions Py and get
N N
Z |f(tk) — f(t—1)| = Z - (=1)F =iy - (D)
k=1 k=1

Note that t¢ - (—1)¥ and t¢_, - (—1)k~! will always be of the opposite sign, and so this sum equals

N N-1 N-1 N-1
=Nt =t g r2Y i =142> > >t
k=1 k=1 k=1 k=1

We can plug in our ;s to get that our variation is larger than the series

N N-1 o\ —a/b
S 1Ft) = flten) = Y (k3
k=1 b1

Suppose by way of contradiction that « < b = a/b <1 =— —a/b > —1. Then, this sum is di-
vergent for N — oo by the p-series test. In particular, that means that we can never bound the variation
Zivzl |/ (tr) — f (tx—1)| uniformly over all partitions, because we can always select a partition Py with a large
enough N to overcome this bound. Therefore, f cannot be of bounded variation. This is a contradiction,
and so we see that a > .

( <= ) Suppose now that a > b. Note that f is differentiable over (0, 1], since it is the product of a
differentiable function and a composition of two differentiable functions. We readily compute for z > 0 that

f'(x) = az® tsin(z7%) + 2% cos(z ) - (=bz ™71 = az® L sin(z ™) — br® ! cos(z )

Note that for every € > 0,

/ laz® "t sin(z %) |dz < / az* tdr = [a:a]glg:6 <1
[e,1] [e,1]

Now, we can also compute

1
‘.’L‘a_b_1|d$ _ |: b xa—b:| < b ,

bz~ cos(z ") dw < b
/[5,1]| x cos(z™")|dx < 7 —3

[e,1]

T—€

1
where we were able to bound [(aﬁb)xa*b} since a —b >0 = €*? is small. What this tells us is that
r=¢€

f € L([e, 1]) for every e, and therefore that f’ € L'([0,1]). Since f’ is integrable, continuous, and bounded

Problem 5 continued on next page. .. 9
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(and therefore Riemann integrable) over this interval, we can use the properties of Riemann integration to
recover that
f(x) = fle)+ f'(t)dt
[e,2]
Note that f is continuous at 0, as |f(z)| < 2% = |lim,_0 f(z)| < limy_02z* = 0 = f(0). So, we can take
the limit as € — 0 to see that

f(z) = f(0) 4 lim f(t)dt

e—0 [6 I]

However, note that f[e o f')dt — f[o o J'(t)dt since

f)dt — ft)dt| =

[0,z] [e,z]

f(@)t,
]

[0,e

and the term on the right can be made arbitrarily small by Proposition 1.12(ii) of Chapter 2 (since
f' € L'([0,1]). This means that f(z) = f(0) + f[o 2] f/(t)dt, and so by the remarks in Section 3.2, f is
absolutely continuous on [0, 1]. Therefore, f € BV ([0, 1]).

Now, let a € (0,1) be arbitrary. Select a such that o = %5 = a = 12, and set b = q; this al-

ready yields that f is not of bounded variation on [0,1]. We would like to show that there is some A > 0
such that |f(x+h) — f(z)] < AR® for all h > 0. Firstly, note that since |f(z)| = |2%sin(z~*)| < 2%, we have
by the triangle inequality

|f(x+h) = f(@)] <|flz+h)|+|f(2)] < (z+Rh)"+2% <2(z+h)"
since % is monotonically increasing and h > 0 = x 4+ h > x. However, we can also bound this variation

a different way. Note first that f’ exists everywhere, except at 0. So, we can apply the mean value theorem
to say that for every & > 0 and every h > 0 (with A < 1 — x of course), there exists some ¢ € (x, 2z + h) such

that
pe) = TEIDZIE 0y~ pa)) = bl )

Using the functional form of f’ from earlier,
|f(z+h) = f(x)] = hlf'(c)] = h|ac* " sin(c™®) — ac® """ cos(c™®)]
< h(lac® tsin(e™)| + |ac™  cos(c™)|) < h(ac® ! 4+ ac™h)
Since ¢ < 1, we know that ¢®~! =¢*/c < 1/c. Also,c >z = 1 <1 andso

ot h) - f(a) < 2o  2ha

c x
With these two bounds, we can now show that f is a-Holder continuous. Let z,y € [0, 1] be arbitrary, and
suppose without loss of generality that < y; define h = y — x. Then,

If(y) = f(@)] = [f(x+h) — f(z)]
If it is the case that 2%t < h = z < hl/(a‘*‘l)7 then we can use the first bound to see
\fz+h) — f(z)] <2z + h)* <2(hY @D £ p)e < 2(2pt/(@tya — 9. 90 . po,

where we used that h <1 = h < AY/(@+D) If instead it is the case that 2%t > h = z > pl/(e+) —
1/x < h="/(e+1) then we can use the second bound to see that

2 1
|fx+h) = flx)] < % < 2hah (D) = 2gp1 T = 20

So, in either case, we have | f(x + h) — f(z)| < max{2a,2-2%}h*, and so

[f(y) — f(2)] < max{2a,2-2} - |y — 2/

10
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Problem 6

Solution

Proof. Let F: R — R be defined as

Fla) = {xQ sin(x72) z#0
0 z=0

Note that over the set [—1,1] \ {0}, F’ exists since the function is the product of a differentiable function
and a composition of two differentiable functions over this region. In fact, we can compute via the product
rule and the chain rule that for x # 0,

cos(x™2)

F'(z) =z -sin(z™2) 4+ 2% cos(z™2) - —2273 = 2 - sin(z~2) +
x

Now, to show that F(0) exists, we need to show that the limit
A= lim F(0+h)—F(0)
h—0 h

exists. Since F(0) = 0, we have

2 win(h—2
A= lim F(h) _n sin(h”") = lim hsin(h™?)
h—0 h h h—0

Note that, since
0 < |hsin(h=?)| < [A|

by boundedness of sin, we can apply the Squeeze Theorem to see that

0 < A= lim hsin(h™?) < lim |h| =0
h h—0

—0

So, A =0, and the limit defining F’(0) therefore exists. So, F’ exists everywhere.

To show that F’ is not integrable over [—1,1], we must show that |F’| dominates a function that is not
integrable. To this end, define for each k& € N the value

1
vVkr

Then, we have that |sin(t,?)| = |sin(k7)| = 0 and |cos(t;%)| = |cos(km)| = 1 = F'(t;) = Vkr for each
k. Also, we have that tp <t; = ﬁ < 1 for all k. Note that over each period, the function

tk =

cos(z72)

|F'(z)| = |2 - sin(z™2) +

X

is concave, and so any straight line drawn between two points coming from the same period lies underneath
the curve. We will construct a function G made from triangles whose peaks lie at (¢, F'(¢x)) for each k, and
whose widths are such that they decay to 0 within the same period of F’ that they peak in. In particular,
we require the width of each triangle to be

1 1
2- — = 2A
( Vkm kT + g ) ¥
Writing it out explicitly, we can define a function G : [-1,1] — R by

xr —tg
Ay

G(z) = iF(tk) - max {O7 1-

k=1

|

This function is graphed below in black to verify that it indeed lies below F’, which is graphed in red.

Problem 6 continued on next page. .. 11
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LA

Y/

We know by our concavity argument (and a lovely proof by Desmos) that 0 < G(z) < |F'(z)| for all
x € [—1,1] (note that G = 0 on [—1,0)). Furthermore, because we selected each width of the triangles to
ensure that they lie within the same period as the peaks, all of the triangles are disjoint. So, we get that

0.15 02 025 03 035

G: F(tk)~Ak: vk%( — 7r>: 1——
/[MJ ; kz::l Vkr kT g kz::l 1+
Note that the function 1 — —= — is continuous, and therefore Riemann integrable in the extended sense;

2x
so, we can simply compute its integral and apply the integral test to prove that this sum diverges. We have

e 1 > 2
/ —dx:/ e

With the substitution = = tan?(u)/2, we get

w/2 t w/2
= / _ tan(w) tan(u) sec? (u)du = / tan? (u) sec(u)du
arctan(v/2) 1+ tan? (u) arctan(v/2)

/2
= / sec®(u) — sec(u)du
arctan(v/2)

Using the reduction formula for the integral of powers of sec (derived via integration by parts), we get

2 arctan(\/2) 2 arctan(v2)
/2
_ [w _ In(tan(u) + sec<u))}
92 arctan(v/2)

Since sec(arctan(a)) = V1 + a2, we get
= lim/2 w — In(tan(u) + sec(u)) — \/76 +In(v2 4+ V/3)
U—m

This limit certainly diverges: to see this, let us substitute a = cos(u)

. V1—a?
= lim ——— —
a—0 2a?

In(v1—-a?24+1)+In(a)+C =00

So, the sum diverges, which means f[_l 1 > f[—1 1 G = 00, and so F’ is not integrable on [—1,1]. =

12
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Problem 7

Solution

Proof of (a). Firstly, F must be measurable since it can be written as the difference of two increasing
functions; so, since an increasing function has countably many discontinuities, F' is continuous a.e. and is
therefore measurable. This means that |F(z + h) — F(x)]| is also measurable. Note that we can suppose
without loss of generality that h > 0; indeed, we are certainly done if A = 0 and if h < 0 we have

/R\F(Hh) |dx—/\F Flaz+h \dm—/|F F(:c—\h|)\dx:/R|F(:c+\h|)—F(x)|dx,

where the last equality is the translation invariance of the integral. So, let h > 0 be arbitrary. Let us note
that we can partition the integral via

/R|F(33+h) z)|dx —/ <Z Lign, (kt1)n) (T )) |F(x +h) — F(z)|dz

keZ

_Z/]l[kh (k+1)h) (@) - |F(z + h) — F(x)|dx

kEZ
(k+1)h
_ Z/ F(z + h) — F(a)|dx,
kez’ kh

where the first equality is since ), ez Likn,(k+1)h) (x) equals the identity function and the second equality is
an application of Corollary 1.10 of Chapter 2 since the elements of our sum are positive and measurable (the
product of an indicator function and a measurable function |F(x+ h) — F(z)|). By the translation invariance
of the integral,

(k+1)h
/ |F(x+ h) — |dx—/ |F(x+ (k+ 1)h) — F(z + kh)|dzx
kh
Pluggin this in, we get

/|F(:s+h) |dx—Z/ \F(z + (k + 1)h) — F(z + kh)|do
R

keZ

/ > |IF(x+ (k4 1)h) — Fx + kh)| da
0

kez
Now, let us note that for every n € N, by the definition of T we clearly have

i |F(z+ (k+1)h) — F(x 4+ kh)| < Tr(z —nh,z+ (n+ 1)h) < sup Tr(a,b)

k——n a,b

Taking the limit as n — oo, this inequality must still hold: in particular,
Y IF(x+ (k+1)h) — F(z+kh)| = lim > |[F(z+ (k+1)h) — F(x + kh)| < sup Tr(a,b)
k€eZ g ab

Thus, letting A := supy, ;jcr Tr(a,b) < oo we get

h
/|F(x+h) 2)|dz = Z|F k+1)h)—F(x+kh)|dx§/ Adz = Ah,
R 0 kez 0

Problem 7 continued on next page. .. 13
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completing the proof. m

1/n
pointwise. Then, clearly Fy, — F¢' pointwise as n — oo as well. Let B be a ball of finite radius that

© is supported on, and let Mr > 0 be such that |F| < Mp since F is bounded. Furthermore, since ¢’ is
continuous and supported on a compact set B, then it is bounded; say, |¢’(x)| < M, for all z € B for some
M, > 0. Then, we can note that for all z, the mean value theorem gives us that since ¢’ is continuous,
there is some ¢, € B such that ¢'(¢;) = ¢, (x). This means that

Proof of (b). Let us write p,(z) = w as a sequence of functions such that ¢, — ¢’

[on ()] = 1¢'(ca)| < My
So, we get that
\F(x)pn(x)] = [F(2)en(z)| - 1p(x) < Mp - My - 1p(x)

Note that since B has finite measure, the function My - M, - 15(x) is integrable. Since it dominates [Fp,,|
for all n, we can apply dominated convergence. In particular,

lim
n—oo

/]R F(x)y' (x)dx

lim/F() n(z)dz| =

n— oo

/RF(x)gan(x)dx

~ lim A=) g
:li_)mn /F a:+1/ndx—/F

By the translation invariance of the integral, [, F(x)p(x + 1/n)dz = [, F(z —1/n)¢(x)dz, and so

a:STLli_)rlgon /Fx—l/n dw—/F
= lim n- /ch(x)(F(x—l/n)—F(x))dx

n— oo

L F(x—1/n)— F(x)
= Ji | Lot =
<t [ ot =
R
. F(z—1/n)— F(x)
A

where the last inequality is because supg |¢| < 1. Note, however, that applying part (a) with h = —1/n
yields that for every n € N, we have

J

Since this holds for each element of the sequence, it certainly holds for the limit as well. This grants

F(zx—1/n)— F(x)

A-|—1/n]
<
1/ dz

=A
- 1/n

F(x—1/n)—

x)dx /n

< lim

n—roo R

F@)| 42 < A

and we are done. ®
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Problem 8

Solution

Proof. ( = ) Suppose that f is M-Lipschitz. Then, let € > 0 be arbitrary. Let § := ¢/M. Therefore, for
any disjoint intervals (a1,b1), ..., (an, by) with Zj\f:l(bj —a;) < 6, we have

N N N

STUFB) — flal < S0 M- Jby —ag] = MY (b —aj) < M =,

j=1 j=1 j=1

where the first inequality is just an application of the Lipschitz condition. Note that this is precisely the
definition of absolute continuity, as § doesn’t depend on the intervals we selected or on N. From the remark
after the definition of absolute continuity, we know that f is of bounded variation on any bounded interval.
Let

E:={x eR: f'(z) doesn’t exist}

Since f is of bounded variation on any bounded interval, then on each interval [k, k + 1) we know that f
is differentiable a.e. by Theorem 3.4. So, this means that m.(FE N[k, k + 1)) = 0 for every k € Z. So, by
subadditivity of exterior measure,

m.(E) <Y m(EN[kk+1)=0 = m(E)=0
kEZ

Now, for any = ¢ F, we know that f’(z) exists. For such z,

fle+h) - fz) fle+h) - fz) M(h)
h h

= pim h ‘M’

lim
h—0

(@) =

< lim
h—0

where the inequality is an application of the Lipschitz condition. So, for every « ¢ E (i.e. for a.e. x € R)
we have |f'(z)| < M.

( <= ) Suppose now that f is absolutely continuous and |f'(z)] < M for a.e. = € R. Let z,yR be
arbitrary, and suppose without loss of generality that x < y. Theorem 3.11 grants that

) - f@) = [ e = |f(y) - f@) =

/yf’(t)dt‘ S/y\f’(t)|dt§M/ydt:M.|y_x|

Since this holds for every pair z,y € R, we have that f is M-Lipschitz, as desired. =
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Problem 9

Solution

Proof. Let E C R™ be covered in the Vitali sense by B with 0 < m.(F) < co. Let n > 0. Fix a § > 0 such
that the following two conditions hold:

§<3™™ and 20+4+0%<n

Note that such a selection certainly can be made since lims_.g 26+82 = 0. We can now begin our construction.

First, select C; D E measurable such that m(Cy) < (1 + 0)m.(E) and such that B is still a Vitali cover
for C7 (we can do this by Observation 3 of the exterior measure and the properties of a Vitali cover).
Next, select a compact Ky C C; such that m(C; \ K1) < €/2. Next, select an open O; D K; such that
m(01) < (1 + 0)m(K7). Now, restrict B such that it only contains balls in O; and is still a Vitali cover of
K;; we can do this by restricting the radii of the balls to simply be less than the distance from the boundary
of Kj to the boundary of O; (this distance will always be nonzero since no point on the boundary of K;
can also be on the boundary of O; since K is closed and O; is open). Note that this preserves the Vitali
covering property, since there are still balls of arbitrarily small measure covering all points of K;. Now, since
K, is compact, there is a finite collection of balls covering K;. From here, we can apply the elementary
Vitali covering lemma (Lemma 1.2) to find a disjoint finite collection of balls {BJ(AI)};V;1 C B such that

Ny
m(Ky) <3y B
j=1

From here, define
Ny

CQ = Kl \ U Bgl)

Jj=1

and remove from B all the balls that are not disjoint with Uj\f:ll Bj(l), and it will still be a Vitali cover of Cs
(note that Cy is measurable because K7 is and the balls are as well). This completes one iteration of the
construction. In the next iteration, we repeat the steps, listed more briefly and with arbitrary step indices
1 > 1 below:

1. Select compact K; C C; such that m(C; \ K;) < €/2%.
2. Select an open O; D K; s.t. m(0;) < (1 + 0)m(K;)
3. Restrict B such that it only contains balls in O; and is still a Vitali cover of Kj.

4. Apply Lemma 1.2 to a finite subcover to find a disjoint finite collection of balls {B;Z)}évzl C B with

N;

m(K;) < 3"y |BY
j=1
5. Define
N; '
Cimi =K\ | | BY
j=1

and remove from B all the balls that are not disjoint with U;\I:l B](i), such that it will still be a Vitali
cover of C;;1 (which is measurable).

Problem 9 continued on next page. .. 16
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After T steps of the construction, we will have a finite collection

We know that all of these selected balls must be disjoint from each other because in step 5 of the construction
we ensure that our current Vitali cover B is disjoint from the previously selected balls; an induction argument
shows that ET is indeed a disjoint collection. Now, we can note that our selections ensure the following chain
of inequalities: for each step i,

Ni Ni —_
J=1 J=1

Since all the BJ(»i)’s are contained in O; via our restriction of the Vitali covering in step 3, we get that

m(Cit1) <m(0;) — ,

By the guarantee of Lemma 1.2 in step 4, we know that Zjvzl ‘ > %

, and so
m(Cit1) <m(0;) — 37 "m(K;)
By selection of O; in step 2, we know that m(0;) < (1 + §)m(K;), and so since K; C C;, we get
m(Ciz1) < (145 -3"")m(K;) < (1435 —-3"")m(C))

— m(CZ+1) (1 + 0—3~ ) (Cl)

Note that after any number of steps T,

T
CTUgTU (UCZ\K’L> D Cy

i=1

since every point that was initially in C'y was either removed by selecting a compact K; in step 1, removed
by selecting balls in step 4, or remains after all the steps. This means that

T T
Cr > Cy\ Br\ <UCi\K¢> = m(Cr) =m(Cy \ Br) =Y _ m(Ci\ K),

i=1

where for the inequality we used the fact that C; \ K; C C; for all 4, and so set subtraction equates to
subtracting out measure. However, because of the way we selected K; C C; in step 1, we know that
S m(Ci \ K;) < 300 ¢/2F = ¢, and so taking € — 0 we get

m(Cy \ Br) < m(Cr)
Lastly, we note that since £ C (1, monotonicity of exterior measure yields
my(E\ Br) <m(Cr) < (1+6—-3"")7T - m(Cy)

Since the factor is < 1 and we are free to make T as large as possible, we find that if we continue the
construction indefinitely we get that

my(E\ Bso) =

Problem 9 continued on next page. .. 17
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as desired.

To verify the other condition, note that

(Civ1) <m(

Z\B()|<(1+6

Jj=1

< (1 +0)m(K;) —

=

i=1j

(14+6-3"")"+

1= !

K2

Il
N

IN

1
5'(1—(1+6—3—"

343 -8
B 3—n—§

m(Cy) <

m(Cit1) <

(1+6)m

N;
Z‘B()|

(14 6)m(C;) — m(Cit1)

i T
|Bi| <6 m(C;) +m(Cy) — m(Cr)

(C1) =m(Cr)

)> -m(Ch) + (14 5)m(Ch)

- (1+5(1+3_n1_5>)m(01)=

(149)
3T 43— 62+ 370+ 376 —

37 —§ 3§ —6%246

(3—n—5+ 375 >m(01)

377 £ 37§ — 62
3-n 5

53 37" 437"

3719
§(5+52+33+S’5

< (1 +n)m.(E),

Ym0 =

)m()

(1426 4 6%) m.(E)

where the first line was already derived earlier, the second line makes use of the fact that K; C Cj;, the third
line computes the telescoping sum of the second line over i’s, the fourth line makes use of the decaying form
of m(C;) from earlier, the fifth line uses the geometric series and the fact that m(Cr) > 0, the seventh line
uses that m(C1) < (1 + 6)m.(F), and the last line uses our selection of § from the beginning of the proof.

Since the bound
T N;
DABI=D) B < (14 n)yma(E)
BeBr i=1j=1

holds for all T', it certainly holds in the limit; i.e.

> Bl < 1+ p)ma(E)

BeBo

as desired. m
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Problem 10

Solution

Proof of (a). Let B be the unit ball and define p(z) := m(B) 1p(X). Also, for § > 0 define

e3(@) = 5 olo/0)

Lel T € R be arbllrary Wl‘h 12 # 0 b\/e can Compule [ha.[ Slnce SD ( )
805 Sup S&& d Sup (155 d
R RER m(R

- s ﬁ / Lr(@lesly — @)ldy
1
= sup s /11@2 1r(y + )]s (y)|dy
1
rer m(R) -m(B) -

Note that y € B5(0) <= y/é € B by scaling, and so 15(y/d) = 1p,(0)(y). This means that

52 /11&2 1g(y +x)lp(y/d)dy

1
(oile) = s0p s | Laly+0) L0 ()

ReR M

1
1 1 —z)d
S R m(B) 2 /R2 r(Y)Lp,(0)(y — x)dy

Now, note that y —x € B5(0) <= y € Bs(x) clearly, and so 1,0)(y — ) = 1g,(4)(y). This means

C 1
(@) = 50— [ 1r) Loy 0)
m(R N Bs(z))

= Ssu
ner m(R) -m(B) - 6

Since m(B) - 62 = m(Bs(0)) = m(Bs(z)), we get

. Cw 1 m(RﬂBé(l'))
(ps)r(z) = nex m(R)  m(Bs(z))

Suppose, without loss of generality, that 6 < |z|; this means that O ¢ Bs(x). Clearly, we would like to
take the supremum over rectangles for which one of the vertices is at the origin; if this is not the case, we
can always shrink the rectangle so that the vertex in the opposite quadrant as x goes to the origin and
improve the value of m(lR) % by decreasing m(R) without changing m(R N Bs(x)). Also, certainly
the opposite vertex must lie within the square of side length § around z, since if it undershoots this square
we have m(R N Bs(x)) = 0, and if it overshoots we can shrink R without changing m(R N Bs(z)). In any
case, we find that as § — 0, we must have the opposite vertex lie precisely at x to maximize the function;

this can also be found by Lebesgue differentiation, since

m(R N Bs(x)) ) 1 /
lim ———————= = _— 1g=1
B mBaw) B m(Bs@) Sy "
for almost every z, and so the smallest such R has the opposite vertex at x. In either case, we find that for
a.e. T,

1 1
~(x) = sup ——=—1g(z) = —— asd—0
(@6)7{( ) re’g m(R) R( ) ‘$1$2|

Problem 10 continued on next page. .. 19
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Suppose by way of contradiction that the weak-type inequality held. Then, we would have that
A

m({lz] < 1: (ps)r(2) > a}) sm({z: (ps)r(2) > a}) < —

Taking § — 0, this would imply that for all « > 0,

m({le] < 1: zyzs| ™ > a}) <

SR

Note that the set {|z| < 1: |z122|7! > a} = {|z| < 1: |r122| < 1/a} is the region of the plane contained
in the disk that lies between the hyperbolas z1ze < 1/a and —z122 < 1/a, which will equal 4 times the
area of the region of the disk under the hyperbola z1z2 < 1/« in the first quadrant. We will do a routine
integration for values of « large enough that the hyperbola intersects the disk to find this area. To this end,

— 2
let x4 = 1=VI-d/e? V124/a be the roots of the expression v/1 — 22 = 1/ax; i.e. these are the points where the

hyperbola and disk intersect. We then have that the area of the set V :=m({|z| <1:|z12z2] < 1/a}) is
T T+ q 1 T+ q 1
V:4/ \/1—x2dx+4/ —dx—|—4/ \/1—x2dx2/ —dz = —1In(z4/z_)
0 e QT - e Qz a

_ 1 1++1—4/a2 _ 1+1—4/a%+2y/1—4/a? _ 1 202 — 4+ 2a2\/1 —4/a?
T2 \1-T 4ja2) 1-(1-4/a?) . 4

2a
For « large enough that 2a?./1 — 4/a? > 4, we get that

2a

In o

= ln(2a2 J4) ~ —
(0%

Note that this contradicts the weak-type inequality for large enough «. So, the weak-type inequality cannot
hold in generality. m

Proof of (b).  From the result of part (a), we know that for all o« > 0, there exists some function
fo € LY(R?) and some A, such that

(e (L@ > o)) = 22 ol

Using this, we can select a sequence of functions (f,)nen by setting o = n. Define the function

o0

[= Z Wbcn‘

Then, this function is also in L'; indeed, it is bounded above by 1 a.e. since each constituent in the sum is
bounded above by QL a.e.. Furthermore, we know that there will always be points for which the maximal
function ff (x) takes the value oo, since for the constituent f,’s we had a lower bound on the measure of
the set of points for which their maximal function took a value > n. This means that there are points x for
which f%(x) is unbounded, which in particular means that for a.e. z’ we can take a sequence of rectangles
containing those points and attain unbounded averages. Put differently, for a.e. ' we have

lim sup /|f y)|dy = limsup /f

diam(R)—0 m diam(R)—0 m

20



