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Evan Dogariu MAT 425: Take-Home Midterm Exam Problem 1

Problem 1

Solution

Proof of (a). We would like to construct a Cantor-like set C where at the k' stage of the iteration,
starting from [0, 1], from each closed interval we remove the open interval of length 1/5% centered at the
middle of each remaining closed interval. In particular, Cy = [0,1], Cy = [0,2/5] U[3/5,1], etc. This process
yields a sequence

CoDC1D..CkDChp1 D ..

of compact sets (we remove open intervals from closed sets, yielding closed sets that are bounded by [0, 1]
and that are therefore compact). We then define our Cantor-like set by

C=()C

DL

k

1

We first observe that it must be measurable; since each ék is closed and the measurable sets are closed under
countable intersection, C' is measurable. With this in mind, we can then attempt to compute m(C) in the
following way: firstly, decompose [0, 1] into the disjoint union (denoted by L)

c [ee]
0,1] =CLCC = cm(ﬂck) =6u<U5,§>,

k=1

where each 5',? :=[0,1]\ C and C€ :=[0,1] \ C. Since the measure is additive over disjoint sets,

=m([0,1]) = m(C) +m (U 5,5)

k=1

Define Ej, to be the union of the 2¥~! disjoint open intervals, each of length 1/5*, that we remove during
the k' stage of the construction (here, k counts up from 1) each Ej is certainly measurable with measure

m(Ey) = ok— 1/5k Then, we clearly see that each Ej C Ck 1, since we are removing 1terat1ve1y from the
previous set. Furthermore, we can note that each C,? = U since the points not in C are precisely
the union of all the points that we have removed up until the k;th step. What these facts mean, though, is
that for all £k > 1 we have

k—1 © k—1
Ecc|UE| =) E
j=1 j=1

So, by induction on k we clearly have that the collection {Ej}y is pairwise disjoint. Furthermore, the
statement Cf = U§:1 E; tells us that | Ji—; CF = ||}, Ex. Substituting this back into our initial expression

for m(C), we get

m(C)=1-m <U0k>=1— <|_|Ek>_1_§:mEk_1_Z2’;‘1

k=1

where we used the additivity of m(-) under countable disjoint unions for the third equality. This is a geometric
series, and can be computed to be

00 k—1 oo k
~ 1 2 1 2 1 1 1 5 2
m<0):1‘52<5) :1‘52@ =lm5 -z 75373

This is the measure of C. m

[\

Problem 1 continued on next page. ..
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Proof of (b). Following the hint, recall that we defined Ej to be the union of the 28! disjoint open
intervals, each of length 1/5%, that are removed during the k" iteration of the construction. Furthermore,
the collection {Ey}y is pairwise disjoint. Then, each Fj, is surely open, since it is the union of open intervals.
So, if we define

o0
U= | Eansa

n=0
to be the union of the removals during the odd steps, then this U is also open. The closure U is the union of
U and the set of all its limit points, which is the set of all possible endpoints of open intervals to be removed.
So, U is the union of C with U and also with the endpoints of the intervals that would have been removed
at even steps (ie. U =UUC U U,—, 0FEs). Importantly, we can observe that C cannot be a subset of
int(U) since there are no open subsets of U that contain elements of C (to see this, note that U doesn’t
contain the interiors of any of the F}’s for even k, and so each element of C does not have elements of U
lying infinitesimally close on both sides of it). What all this topological exposition means is that

C cU\int(U) =00
since it is in the closure but not the closure’s interior. We can note that since U is closed and int(U) is open,

dU is therefore measurable. Using part (a) and the monotonicity of measure, we get that

m(T) > m(C) = % >0

Proof of (c). (=) Suppose that a bounded subset E is J-measurable. Let ¢ > 0, and let {R;}, {R;}, A, B
satisfy the definition of J-measurability. We want to show that OF has Lebesgue measure 0. To do so, we
want to prove that OF C B\ A. Note that OF is certainly measurable, as it is a closed set minus an open
set. Next, note that B itself is closed, as it is the finite union of closed cubes. So, any sequence of points
in F is also a sequence of points in B, meaning that the limit of a sequence of points in £ must lie in B
(since B is closed). What this tells us is that E C B = 9E C B. Suppose by way of contradiction that
m(OENA) > e. Then, there must be some open ball O C 9E N A of measure €, which contradicts complete
this argument, i KNOW its true. This is a contradiction, and so, we note that m(0F N A) < e. What
this means is that, since OF C B, we know that, by the laws of set arithmetic

OE\ (OENA)CB\A = OEC(B\A)U(QENA)

By subadditivity of measure,
m(OFE) <m(B\ A) + m(OEN A) < 2¢
Since this holds for arbitrary €, we see that the measure of the boundary of E is 0. This immediately yields
that F is measurable, since
E =int(E)U(E\ int(E)),

where E C E = E\int(E) C 0F = m.(E\int(E)) =0 = E\ int(E) is measurable. So, since E
is the union of an open set int(F) and a set of measure 0, it is itself measurable.

( <= ) Suppose now that a bounded subset E is measurable and has a boundary of measure 0. Let
€ > 0. We can find by Theorem 3.4 closed set F' C E such that m(F) > m(F) — ¢ and an open set O D F
such that m(O) < m(E) +e. FINISH THIS

|

Proof of (d). Consider the open set U from part (b), and define C := U to be its closure. Then,
we have that C is compact (it is a closed subset of [0,1]). However, as seen through part (b), m(9C) > 0.
Applying the result from part (c), then, we see that C' = U cannot be J-measurable, as its boundary has
nonzero measure. H
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Problem 2

Solution

Proof of (a). Define f,(z) := % Note first that for all € (0,1) we have that since ™ — 0 as

n — oo,

sin(a)

lim f,(z) = lim =1

)
n—oo a—0 a

where the evaluation of this limit is an elementary calculus result (L’Hopital’s rule or something of the like
can be used here). So, we find that the functions f,, converge pointwise to the constant function 1 over the
interval (0, 1), which is a.e. with respect to the interval [0, 1]. Each f,, is also clearly measurable (composition
and multiplication of measurable functions) and supported on [0,1], a set of finite measure. Lastly, we can
note that the functions are uniformly bounded on (0, 1) via the following reasoning: we have for each fixed
n that lim, ¢ f(z) = lim,—o 51'”7@)’ which again equals 1. So, at the left endpoint of this interval, f,
approaches 1. Now, note that since f,, is differentiable over (0, 1), we can compute via the quotient rule that

' (z) = " et leos(@”) — natsin(a") =naz " (2" cos(z™) — sin(a"
xr2n

Over (0,1) we know that tan(a) > a (a derivative argument can be made here since they both agree at a = 0
and sec?(a) = 1/cos?(a) > 1 means that tan grows faster). With this, and the fact that z € (0,1) = 2" €
(0,1), we can note that

tan(z") > 2" = sin(z") > z"cos(z") = z"cos(x") — sin(z") <0

Going back to our expression for f/, since nz="~! > 0, this yields that f/(z) < 0 for all z € (0,1). What
this means is that over this interval, f, is decreasing; since at the left endpoint its value approaches 1, this
logic allows us to conclude that f,, is bounded above by 1. Since f,, is nonnegative over (0,1) as sin(z™) >0
for ™ € (0, 1), this grants that |f,| < 1 on (0,1). We are now free to apply bounded convergence to see that

lim fn(x)de = / ldx =1,
[0,1]

n—oo [071]

as desired. m

Proof of (b). Define a := f(O.l) f(y)dy. Since f is integrable, it is therefore measurable. So, we have that
the set /

A:={f<a}={ze(0,1) : f(z) <a}

must also be measurable, by definition of a measurable function. Suppose, by way of contradiction, that A
is empty. Then, m(A) = 0. This means that for almost every = € (0, 1), we have that

f(z) >a = f(x)dm>/ adr = a
(0,1) (0,1)

by monotonicity of the integral. However, note that this is the statement a > a, an obvious contradiction.
So, it must be that A is nonempty. Therefore, there exists some x € (0, 1) such that f(z) < f(o 1 f, and we
are done.

Let 0 < e < 1. We seek a function f. such that A, as constructed above, has measure less than e. Consider
the function f: (0,1) — [0, 1] given by

1 zele/2,1)
fﬁ(x)_{o z € (0,€/2)

Problem 2 continued on next page. .. 4
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This function is certainly measurable, as {f. < a} is either 0, (0,¢/2), or (0,1) depending on a, all of which
are measurable. Furthermore, f. is certainly integrable, as

€
~/(0,1)le _/(071) fe _[075/2) f€+/[€/271)f6_O.m((07€/2))+1.m([6/271)) _1_§ < 00

So, we have that f(o nle=1- €/2. Note that the set of z € (0, 1) for which f(z) <1 —¢€/2 <1 is simply
the set (0, €/2) by construction. This set has measure < € clearly, and so our construction f, has the desired
property. m

Proof of (¢). DO THIS =

Proof of (d). Let f € L'(R) be finite, nonnegative, and supported on the interval [a,b]. Fix h > 0
and define

FINISH =

Proof of (e). Let f € L([0,1]) be bounded s.t. |f| < M for some M.

( =) Suppose first that f(¢) =t a.e.. Then, we have that for every n € NU {0},

/ t"f(t)dt:/ t"Hlat
[0,1] [0,1]

since they only differ at a set of measure 0. However, we note that
Lebesgue and Riemann integrals must agree. We can compute that for n € NU {0},

R 1
/ t"Hdt = {1 t"“} S
[0,1] n+2 =0 N2

So, for all n € NU {0} we have that f[o gt f)dt = =

t"+1 is Riemann integrable, and so its

( <) Suppose now that
1

" (t)dt =
‘/[071] () n+2

for all n € NU {0}. Let ¢ > 0. Since the continuous functions with compact support are dense in L*(R),

there exists some continuous function with compact support g such that [ |f — g| < €, which immediately

implies that
/ If —gl <e
(0,1]

Now, by the Stone-Weierstrass Theorem, there exists a sequence of polynomials (p,), such that p, — ¢
uniformly on [0,1]. In particular, this means that there exists some polynomial p : [0,1] — R such that
lg(x) — p(z)| < € for all z € [0,1]. This yields that

/ lg—pl<e
(0,1]
From this, the triangle inequality yields

/ If—pIS/ (\f—g|+lg—p\)=/ If—g|+/ g —pl < 2
[0,1] [0,1] [0,1] [0,1]
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Problem 3

Solution

Proof of (a). Lusin’s theorem holds for infinite measure subsets of R. I am running out of time, but I'm
pretty sure the way to prove it is to just decompose F into EN[k,k+1), k € Z, apply Lusin to each of them
separately with an €/ 2/k[+1 argument, and take an intersection. Please imagine that I actually did that here

).
Proof of (b). Egorov’s theorem does not hold in this case. Consider the sequence fi : R — R given by

1 zelkk+1)

0 else

Tr(@) = L gy (7) = {

Firstly, each fj is certainly measurable, as it is a simple function. Also, it is clear to note that f; — 0
pointwise; for any = € R, there precisely one m € Z such that x € [m,m + 1), and for all & > m we have
x ¢ [k,k+1). So, for all k& > m, we get fr(z) = 0, meaning that the sequence (f;(z))r converges to O.
Suppose by way of contradiction that Egorov’s theorem holds. Let € > 0. Then, there exists some closed
Ac C R such that m(R\ A.) < € and fr — 0 uniformly on A.. Uniform convergence on A, grants us that
there must be some n € N such that for all £ > n and all x € A,

fuo(z) — 0] <% — (@) <% s fu@) =0 — 2 ¢ [k k1),
where the first implication holds because fj can only take values in {0,1}. This means that for all z € A,
it must be that « & J,, [k, k + 1) = [n,00). So, we get that
AcN[n,00) =0
By the properties of set arithmetic, though, A, and [n, c0) being disjoint tells us that
[n,00) CR\ Ac = m([n,00)) <m(R\ A) <k,

where the implication comes from monotonicity of measure and the fact that [n, o) is measurable. However,
m([n,00)) = oo, and so this is a contradiction. Therefore, Egorov’s theorem cannot hold for this construc-
tion, and it therefore doesn’t hold in general without the m(E) < co assumption. ®

Proof of (c). It is not the case in general that a countable union of non-measurable sets must be
non-measurable. As an easy example, let N' C [0,1] be the non-measurable set (the Vitali set) that we
constructed in class. Note that it must also be the case that N¢ = R\ N is non-measurable, since Property
5 of measurable sets (complement of a measurable set is measurable) ensures that it would be a contradiction
if N¢ were measurable. Now, define the sequence (F,, )5, by

EH{NC n=1
N n>1

By the above discussion, E,, is non-measurable for every n. However, we note that
oo
U En=NUNC =R,
n=1
which is measurable. So, for this particular countable collection of non-measurable sets, their union is

measurable. The statement that a countable union of non-measurable sets must be non-measurable therefore
doesn’t hold true in general. m
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Problem 4

Solution

Proof of (a). Fix z € R™ to be arbitrary. Define f(z) := e"z‘2/4; f is clearly measurable by the
composition of a continuous function with a measurable one. Note that we can rewrite
el
N3

e,y) = (4rt) "2~ A = (4m) /2 (220
pelay) = (dxt) (4xt) f<ﬁ>

So, Proposition 3.9 yields that p;(z,y) = (4mt)~"/2f (L\;Ey) is also measurable. By the translation-invariance
of the Lebesgue integral, we see that

n -1
/ pe(z,y)dy = / pe(x,y + x)dy = (4mt) /2/ f <y) dy
n n n \/E
The relative invariance of the Lebesgue measure under dilations and rotations tells us that
(47Tt)_”/2/ f (—11/) dy = (1) o (drt)™"2 [ f(y)dy
n Vi Vit Rn

=@dm)™"? | f(y)dy
Rn

The given integral allows us to compute that
= (4m)™/2 . (4m)? =1

Since this logic holds for all z, we are done. ®

Proof of (b). To show that u is well-defined, let ¢,z be arbitrary. Let E be the compact set that
ug is supported on; since ug is continuous on a compact set, then wug is bounded (say |ug| < M for some
M > 0). Then, we can bound

u(t, z)| =

[ wtte.nas] < [ uatwteilas < [ ool

Since p; is strictly positive for all inputs, we have that
Rn

where we evaluated the integral using the result from (a). Since the original integrand is measurable and
the integral converges for every t,x, we get that u is well-defined.

Note that we can use the translation invariance of the integral to shift the integral to get

[yl

uta) = [ woly+apesy+ady = [ uwoly+a)- amt) e 5 dy

n

Only the ug(y + x) term depends on x, and we know that ug is continuous; this immediately grants us that
u(t, x) is continuous in the x-coordinate.
show continuous w.r.t. ¢ please Evan :).

Now that we have seen that u(t, z) is well -defined and continuous, we can investigate the limit. In particular,
we are interested in limy_, o u(1/k, z) for a fixed x. We can write

lim u(1/k,z) = lim Uo(y)Puk(x»y)dy
k—o00 k—oo Jrn

Problem 4 continued on next page. .. 7
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By translation invariance, each of these integrals is of the form [p, uo(y + x)p1 (2, y + x)dy. Substituting
in our expression for p;,

—dim [ uply+a) (47r1> VR

By the relative dilation invariance of the Lebesgue measure,

= lim. [ o <\_/% + x) (4m) ™" f(y)dy

Let gx(y) = ug (:/—% + x) (47r)_"/2 f(y) for the fixed z. We can bound this in the following way:

;y T . - —-n/2 . —n/2 _ - -n/2
uO(ﬁ+ )\ | (4m) ™2 f(y)| < M (4m) "2 |f(5)] = M (4m) " f(y),

where the last equality comes from the fact that f is strictly positive. Note that the given integral for f
readily shows that the expression M (47r)_n/ 2 f is integrable (in fact, it integrates to M). So, applying the

lgx(y)| =

dominated convergence theorem, we can swap the limit with the integral to get that

Jim u(1/k, ) = /Rn Jim u (\_/% + ff) (4m) "2 f(y)dy

= [ w0 @) (am) ™ fw)dy
—uo(e) [ (am) ™ )y

= up(z)
This holds for all x € R™ as desired. m

Proof of (c). We would like to compute %7;. To this end, for any fixed = let g(t,y) := uo(y)pe(z,y).
We have already seen in part (b) that the map y — ¢(t,y) is integrable for all ¢ (we did this when we showed
that u is well-defined). Now, let us note that the map ¢ — g(¢,y) is differentiable with continuous derivative
for all x and ¢ > 0. To see this, we can note that ug(y) is a constant w.r.t this derivative, and that p;(x,y)

is surely differentiable w.r.t. ¢ with continuous derivative. In fact, we can compute

0 w2 2 -
*g(t,y) = (4m) ™" ug(y) - ((—Z) /2t R 2, |xy|e_|4ty)

ot 42
o—yl? —y|? v —y[> n
_ (4mt) -/ L il | ML NP n
( 4 ) UO(y)e 4 At2 2 g( 7y) A2 o

2
We know from earlier that g itself is integrable, and therefore we seen that ’ g(t,y) - ('x;g‘ — 2%) is as well;

this yields a dominating function for the time derivative of g. With these prerequisites, we are allowed to
swap the derivative and the integral to see that

ou lz—y?> n
at—/ng(t,y)-( 2 )W

We can perform the same gymnastics with any of the coordinates y;. Clearly, the map ¢t — g¢(t,y;) is
integrable for all y;. To see that the map y; — g(t,y;) is differentiable with continuous derivative that is
bounded by an integrable function, we compute

dg
0y;

ou, —n _lz—yl? i — g ou, i — XLj
() = GouCo) ) - ()2 B (B ) B2

Problem 4 continued on next page. .. 8
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Buo

By < M’ for some M’ > 0. This lets

Since ug has a continuous derivative on a compact set, we know that

us bound

9g
‘ayi
As before, this is certainly integrable, and so we see that we are allowed to swap the differentiation and
integration (exactly the same logic shows that we are able to do it again for the second derivative). We
compute (with some algebra errors) the second derivative to be

829 82u0 Ug (y) auo Yi — T4 8u0 Yi — T Yi — T

=g(t,y) <(yi ;;”2 - 21]5)

Summing this over all coordinates (the above logic holds for all i) and taking the integral, we get that

xr — 2 n
Bgttn) = [ ot (CgEE - 5 )= e

dy
So, u is indeed a solution to the heat equation. m

(t,y)‘ < M (4t) ™2 4 M - (4mt) /2 L ;ﬁxz

Proof of (d). DO this? =

Proof of (e). Fix any x € R™. The limit as ¢ — oo can be seen to (if we let ¢ € N) yield a sequence (ug )y,
where

uy = / uo(y)pe(z,y)dy
By translation invariance,

y 2
w = [ oy +a) - (dmt) e dy

Rescaling the integration coordinate by v/, this equals

ly|?

— [ oo ) (am) ey

ly)2

Now, we can use bounded convergence to note that since the integrand u(yv/t+x)- (47r)’”/ 2e~"3 converges
pointwise to 0 as t — oo (this is because uy is supported on a compact set E, which means it must decay to 0

2
at oo) and we have a dominating function of the form M - |(47)~"/ 2¢="% | which is integrable (it integrates

to M), we can swap the limit and integral and see that u; — 0 ast — co. =




