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Problem 1

Show that H := (N — C) is a Hilbert space: define an inner product on it and show that the induced
metric is complete.
Solution

Proof. We define the inner product as follows: for any ¢,v € H, if we let ¢, and 1, denote the n'*

oo
= Pathn
n=1
Note that this is C-linear in the second slot, anti-C-linear in the first slot (and so sesquilinear), and satisfies

(p,1) = (1, ) via the properties of complex conjugation. Furthermore, (p,) = > 7, |p,|?%, and so it
equals 0 if and only if ¢,, = 0 Vn, or equivalently if ¢ = 0. Therefore, it is a valid inner product and turns

coordinates,

‘H into an inner product space.

To see that it is complete in the norm metric induced by this inner product, let {so(k)}keN C H be a
sequence that is Cauchy w.r.t. the norm (we use upper indices to label the vectors and lower indices for the
coordinates of the vectors). Let € > 0. Then, there is some M such that for all m,k > M,

e> [p™ = eW2 = " jplm
n=1
(k)

where ¢y, refers to the nt" coordinate of ¢*) € H. Since each element of this sum is nonnegative, we see

that for all n € N,
o) — B2 < e

In particular, the sequence {gogc)}k C C is Cauchy in C, and so converges to some ¢, € C. Construct the
vector ¢ := (1, P2, ...). We must show that ¢ € £2(N — C) and also that ¢*) — ¢ in the norm on H. Let
M € N be such that for all m,k > M,

lp*) — p(m||2 = Z o) — plm))?

Then, for each N € N, we certainly have

Z k) — <

(m)

Since ¢y, ' — @, as m — oo for each n, we may use the continuity of |- | in C and the linearity of limits to
see that
(k) _ 2
W}gnoozllw Z\son —nl® <
n

Since this holds for every NV € N, it will hold in the limit (the sum increases with N, and so it is monotonic
and has a limit). Thus,

lp® — |2 = Z o) — o2 < e
Firstly, this shows by the reverse triangle inequahty (Wthh may be applied elementwise) that
lell = le® | < lle® — ol < Ve = o]l < lle™ | + Ve < oo,

and so ¢ € H. Furthermore, as this holds for all k£ > M, we find that ¢*) — ¢ in the norm on H. So, every
Cauchy sequence converges in || - || to an element of H. =
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Problem 2

Show that H := L?(R) (with the Lebesgue measure) is a Hilbert space: define an inner product on it and
show that the induced metric is complete.

Solution

Proof. We define the inner product as follows: for any f,g € H,

g = / F@)g(a)da

Note that this is C-linear in the second slot, anti-C-linear in the first slot (and so sesquilinear), and satisfies
(f,g) = W via the properties of complex conjugation. Furthermore, (f, f fR |f(x)|?dx, and so it equals
0 if and only if f(z) = 0 a.e., or equivalently if f is the 0 element of H. Therefore, it is a valid inner product
and turns H into an inner product space.

To see that it is complete in the norm metric induced by this inner product, let {f,}neny € H be a se-
quence that is Cauchy w.r.t. the norm on #H. Then, we may inductively construct a subsequence {f,, }ren
such that

||fnk+1 - fnk” < 27}6

by repeated application of the Cauchy criterion with e, = 27%. Let us define

[= fn1 +Z(fnk+1 - fnk)

and

00
g = |fn1| +Z|fnk+1 _fnk|

Then, for each K € N we have that

K K
<Ml D W = Fanl S A+ 278 < Nl + 1,

k=1 k=1

K
H|fnll +Z|fnk+1 _fnk|

k=1

where the first inequality is the triangle inequality and the second comes from our subsequence selection.
Since this holds for all K and the sequence of functions |f,, | + Zszl |fresr — fny| is increasing in K and
approaches g pointwise, monotone convergence grants that

= gl = lgll < llfn.ll +1 <00,

K
‘fn1| +Z |f’ﬂk+1 - fnk‘

and so g € H. Since |f| < g by the triangle inequality, this means that || f|| < co and so f € H as well. Now,
we note that by the telescoping sum,

K
an+1 = fnl + Z(fnk+1 - fnk)
k=1

In other words, f,,,, is the K'" partial sum, and so f,, (z) — f(z) pointwise a.e. as k — co. Furthermore,

since

00 2

> (Feer — Fur)

k=K

<g°

‘f - an|2 =

Problem 2 continued on next page. .. 3
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for all K, we can apply dominated convergence since [ g% < 00 to see that

dim [ @) = fu(@Pdo = [l [7(@) = (o) Pde =0
— JRr Rk—ﬂ)o

since f,, — f pointwise a.e.. Thus, f,, approaches f in the norm. To see that f, — f in the norm, let
€ > 0. By the Cauchy criterion, there is some N € N such that for all n,m > N, || f, — fm| < §. Let k be
large enough that both ny > N and || f,, — f|| < §. Then, for all n > N we have by the triangle inequality
that

1o = £ W = il g = SIS 5+ 5 =

Since such an N exists for all €, we see that f,, — f in the norm. So, every Cauchy sequence converges in
the norm to some element of H, and H is therefore complete in this norm. m
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Problem 3

Let B(H) be the Banach algebra of bounded linear operators on H. Show (in a concrete example, e.g.,
H = C?) that B(H) is not a Hilbert space by showing the operator norm violates the parallelogram law.

Solution
Proof. Let # = C%. We wish to find A, B € B(H) for which
|A+ BI* +]|A - BII* # 2| A + 2| B|I%,

as this would violate the parallelogram law (note that this is the operator norm on B(H)). Let A denote
the orthogonal projection onto the first coordinate (i.e. A(z1,22) = (21,0)) and B be the similar orthogonal
projection onto the second coordinate. Then, ||A|| = ||B|| = 1 since there exist unit vectors whose norm is
preserved. However, we see that for all (z1,22) € H,

(A + B)(Zl, 22) == (2’1,0) + (0, 22) == (2’1,22)

and
(A - B)(Zl,ZQ) = (2’1,0) — (0,22) = (2’1, —22)

Clearly, ||A+ B|| = ||A — B|| = 1 then, since they both preserve the norm. Therefore,
2=||A+ BII* +[|A - BII* # 2| A* + 2| B||* = 4,

and so B(H) with the operator norm cannot be made into a Hilbert space. ®
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Problem 4

Show that if M C H is a closed vector subspace of it then (M1)L = M.

Solution

Proof. (D) Note first that (ML) D M, since for every ¢ € M we have (¢, 1) = 0 for all » € M=, and so
pe (Mt

(C) We know that (M1)L is closed since orthogonal complements are closed. Now, suppose by way of
contradiction that (M=) € M. Then, there must be some element ¢ € (M+)+\ M. Since M is a closed
subspace, we may decompose H = M @ M=, which means that ¢ decomposes into ¢ = @y + @y with
op € M and @y € M*. Then, since p € (M+)L by assumption and ¢y € (M*)+ by the fact that
M C (ML)L7 we get

Prr =@ — oM = gy € (ME)*

since (M+)= is a vector subspace. So, we find that
pur € MEN (MY = (o pm) =0 = Jloae]| =0 = opye =0

Therefore, p = )y = ¢ € M, contradicting our selection of . So, (M*)t C M. m
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Problem 5

Show that if {¢n, }nen is a sequence of pairwise orthogonal vectors in H, then the following are equivalent:
(a) > pen Pn exists in || - |3
(b) Xpen llenll, < oo

(c) Forany o € H, >, cn(, on)n exists.

Solution

Proof. (a = c) Suppose that ) ¢, exists and is equal to ¢ € H. Let 1) € H be arbitrary. Then,
letting S,, := Z;L=1 (1, ;) € C denote the partial sums, we have that for all m > n,

j=n+1 j=n+1 j=n+1

where the first inequality is the triangle inequality in C and the second is Cauchy-Schwartz. Let ¢ > 0. We
know that the sequence {2?21 ©vj }n€N7 is Cauchy since it converges to ¢, and so there is an N large enough

that for all m >n > N,

€ m n m
m > Z%‘ - Z%‘ = Z Pj
j=1 j=1 j=n+1

For such m > n > N, we therefore have that
St = Snl < Il
m — Pn| > =€
19|

and so the sequence {5y}, is Cauchy in C. Since C is complete, this means that the sequence of partial
sums converges. Therefore, Zj’;l (1, ;) exists. This holds for all ¢ € H.

(¢ = b) Suppose (c). For each N € N, define Ay : X — C via Ax(¢)) = Ziv:l (¥, on). This is
certainly linear; since the inner product is continuous w.r.t. the first slot then Ay € B(H — C). Also, for
a fixed ¢ € H the sequence {An1} ey is convergent by assumption of (c), and so it is bounded. In other
words,

sup An(¥) < o0

NEN
Since this holds for all ) € H, we may apply Banach-Steinhaus (uniform boundedness) to see that

S = sup |An|[Br-c) < o0
NeN

For each N € N we have that

N N N N
Ax (z @k) LS g =3 ompnl = 3 el
k=1 k,n=1 n=1 n=1

However, we know that

()

2 2
<52

N
Z Pk
k=1

N N N
=52 <Z Pk, Z 90n> = §? Z ”‘pkH27
k=1 =1 k=1




Evan Dogariu MAT 520: Problem Set 6 Problem 5

where the inequality follows from the bound on operator norm of Ay and the last equality follows from
pairwise orthogonality. Combining these two, we see that for all N € N,

N 2 N N
(Z ||<Pn|2> <s° (Z ||90n||2> = ) leal® < 5
n=1 n=1 n=1

(Note that if all the ¢,, are 0 then the above holds trivially). So, since this holds for all N € N and the

sequence {25:1 Hcpn||2}N is monotonically increasing and so has a limit, we see that

o0
S llenll® < 82 < o0

n=1

(b = a) Suppose now that >3 [[n[*> < oo. Let S, := >, ¢; € H denote the partial sums.
Then, for all m > n,

1Sm = Sall = || Y ;i =< > v > soj>= > {eien),

j=n+1 j=n+1 j=n+1 Jrk=n+1
where for the last equality we used the sesquilinearity of (-,-). Since {,} is pairwise orthogonal, we see that
(@), ) =0 unless j = k. So,

m m

1Sm = Sull = > {esoeiy = > lesl?

j=n+1 Jj=n+1

Since the sequence of partial sums of the squared norms {Z?zl Hcpj||2} converges by assumption, we know
that it is Cauchy. Let € > 0. Then, there is an N large enough that for all m >n > N,

m n m
e> [ DoIel? ] = (Do leill® )| = DO llesl?
j=1 =1 j=n+1

So, for such m > n > N we have that ||.S,, — S,| < €. Therefore, {S,,}, C H is Cauchy; since H is complete
this means that the sum converges in norm. Therefore, Z]oil pp, exists. m
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Problem 6

Show that if {¢n tnen € H is an arbitrary sequence of vectors, then (a) implies (¢). Find an example where
(¢) does not imply (a).

Solution

Proof. Note that in the proof of Problem 5, when we showed (a) = (c¢) we made no use of pairwise

orthogonality. So, that proof actually holds this more general case.

To find an example where (c¢) does not imply (a), let H := ¢*(N — C). Let {e;};en denote the standard
position basis on H. Define a sequence of vectors {¢, tneny C H via

{61 n=1
Pn =
€n—€n_1 n>1

N

Z‘Pnng

n=1

Then, for each N € N we know that

by a telescoping sum. For any ¥ € H we then have that

N N
; (W, pn) = Y5 = ngnm; (¥, pn) = lim $y =0,

where we used that v is square summable and so must have decaying coefficients. So, the sequence {¢, }
satisfies (c).

However, we will show that it does not satisfy (a) by showing that the sequence of partial sums {>°,_; or},,
is not Cauchy in H. In particular, we note that for all m > n,

| <é wk) - (kzi ‘P’f> H = llem — en] = V2

So, the partial sums always stay a fixed distance away, and cannot converge in norm. Therefore, (a) cannot

hold for this sequence. m
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Problem 7

Let N € N and let a € C be such that o™ =1 # o?. Show that for all v, € H,

.0 = 5 Za"nwaw

Show also that )

(¥, 0) = o

/[ Ml v

Solution

Proof. Firstly, note that oV =1 = 1= [a"|=|a|¥ = |a| = 1. We have that

lle +ampl? = llll* + a1 + (o, 0" ) + (", )
= llel? + 1917 + (@, a™9) + (2", )

Plugging this in to the right hand side, we see

Nogn 1 X
fza”nwaww (H90||2+H¢II)Z%Jrﬁza"(@,a”wﬂa%w)

= (llell® + l11%)

Since |a| = 1, this equals

N i N aZn
= (Il + w1 (Z %) + (1, @) + (. ) - (Z N)

n—

—

We note that since a? # 1, then a # 1, and so

N—1 170[]\7 N—-1
1+§ a”:1+a+a2+...+aN*1:17:0:> E a =-—1
—
n=1 n=1

So, Zn ;o™ = 0. Similarly,

1+ZOZZn:14»(062)+(0[2)2+ +(a2)N71:1*(()42)N:]_*(()4N)2:O:> ZOPn:*l
1—a? 1—a? —~
Therefore, since a?" = 1, we see that Zn L™ =0 as well. Thus,

N
1 n n
=3 amp+ "yl = (v, 0)
n=1
as desired.

The proof of the next part will go similarly. We have
lle + €9l = llell? + [¥11° + (w0, ep) + (e, 0)
So,

[ e e+ uias = ol + i) [

—T

edo + / (0, ¥4 df + / (b, ) db,
s [—7,m] [—m,m]

)

Problem 7 continued on next page. .. 10
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where we used that ¢ = ¢~ We note that
. 1 . 1
[ etan= e = 1 (1) =0
[_77771—]

(3 1

Note that 6 — <g0, 62i91/J> is a continuous map, and so it is Riemann integrable. For any partition of this
into a finite Riemann sum, we will be able to bring the sum into the inner product. By continuity of the
iner product w.r.t. scalar multiplication of one of the vectors, we get that

/ <<p762i9w> do = <907 </ 62i9d9> ,¢>
[—m,m] [—m,m]

. 1 . 1
2160 _ 21017 — 1—-1)=0
/[ﬂ—’ﬂ-] e de 27/ [e ]—71' 22( )

We compute

In total, we find that

[ eleretuirio—o0ro+ [ o) =2
[—71'77'{' [—Tl',ﬂ']
Therefore,

1

.0 0 2
= 0 4 do
(¥, ) o /[_M]e e + e

as desired. m

11
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Problem 8

Let {@n}nen, {¥ntnen C{E € H : ||€|| < 1} be sequences such that (¢,,1,) — 1 in C. Show that
Tim [l — ]| = 0

Solution

Proof. We know that

H(pn - wnHZ = <(Pn - wnaspn - ¢n> = H%DnH2 + ||'¢}nH2 - <<Pnal/]n> - <wn790n> <2- <<Pm¢n> - <¢na§0n>

We note that since conjugation z — Z is continuous in C,

lim (1, ) = lim (p,9) = lim (p,¢)) =1 =1

n—roo n—oo n— oo

We have that
0 S H@n - wn||2 S 2 — <‘Pna1/}n> - <wn7§0n>

The right hand side approaches 0 as n — oco. So, by the squeeze theorem,
lim ¢, — '(/Jnll2 =0 = lim [jp, —¢ul[=0
n— oo n—00

as desired. m

12
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Problem 9

Suppose that {¢ntneny © H converges weakly to some ¢ € H; that is, (§,¢n) — (&, @) V€ € H. Assume
further that ||¢,|| — ||¢|| in R. Show that

lim ||, — || =0
n—o0

Solution
Proof. We know that
lon — @lI> = {on — @, 00 — @) = llenll® + 01> = (@n, ©) — (0, n)

Letting £ = ¢, we apply weak convergence to see that

lm (p,on) = (p,9) = [lol?

n—oo

As in Problem 8, continuity of complex conjugation gives that (¢, p) — ||¢||? as well. In total, we use the
convergence of the norms to see that

Tim(loall? + Il = (2nr0) — (or0n)) = el + el — llgll? = 1l = 0
So, the first equality grants that
lim [lo, —lI* =0 = lim [lp, — || =0
n— o0 n—roo

as desired. m

13
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Problem 10

Let V be a (not-necessarily-complete) inner product space and let {¢, }nen € V' be an orthonormal set. Fix
a ¥ € V and define the functional F : CV — R via

N
F(ag,...,an) = Hw— Zanapn
n=1

Show that F' is minimized with the choice of a,, = (¢, ).

Solution

Proof. Note that

2

N N N
Flay,...,an) = [$l° + || anen| - <w, Zanson> - <Z ansomw>
n=1 n=1 n=1

By orthonormality, we know that
2

N N
Z QpPn = Z |O‘n|2
n=1 n=1

Expanding the first inner product via linearity, we find that

N N
<7~/Ja Z an@n> = Z Oy <QZ}7 <¢0n>
n=1 n=1

Similarly,

N N
<Zan90na > Zan Q/MPn
n=1 n=1

Therefore, we have
N
Flay,...;an) = [¢1°+ D (Jlan* = 2Re(an (¥, ¢4))) ,
n=1
where Re(-) denotes the real component of a complex number. So, to minimize F', we must for each n select
the a;, minimizing

Sn(a) = |Oé|2 - QRG(OA <¢a @n))

If (¥, ¢n,) = 0, then this is minimized when « = 0 as well; so, suppose (., 1) # 0. Without loss of generality,
write a = z {py, 1) for some z € C. Then,

Sn(a) = |21 {#n, ¥) [P =2 Re(z {@n, ¥} (1, n)) = |21 (0n, ¥) P2 (0n, ¥) [P Re(2) = [ {pn, ¥) | (|2]* — 2Re(2))

Thus, the expression is minimized for the choice of z minimizing |z|? —2Re(z). Clearly, we want 2 to be real.
As such, we seek the z € R minimizing 22 — 2z, which we know to be z = 1 since it is a convex parabola.
The above reasoning tells us that S, («) is minimized at a = (@,, ). Therefore, since

N
Flar,...;an) = [¢1° + Y Sulan),
n=1

we find that F' is minimized for the choice of a,, = (pp, ). =

14



