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Problem 1

Let X be the position operator on H := L?*(R). Show that
D(X) := {w EH: /x2|¢(m)|2dm < oo}
R
is the largest vector space V such that for each 1 € V, X1 € L?(R).

Solution

Proof. Suppose by way of contradiction that there were some ¢ € H such that ¢ ¢ D(X) yet X1 € L?(R).
We note that

1X|)? = / ()| 2z = / 2[(@) Pz = oo,

where we know that this equals oo because v ¢ D(X). This is a contradiction since X¢ € L*(R) =
[ X9[* <oo. m
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Problem 2

Let H := L?([0,1]). Define
A= {1y € H : 1 is absolutely continuous and ¢’ € H}
Let A; and A both be defined as 1) — —i7)’ on the respective domains
D(A;):=A
D(Az) == {1y € A: 4(0) =0}
Show that both domains are dense in H and that A, A are closed. Finally, show that
o(A;)=C
a(Ay) =10

Solution

Proof. We will show that D(As) is dense in H, from which density of D(A;) will follow. Note that the set
C*°(]0,1]) of smooth functions on [0, 1] is dense in H; so, if we can approximate an arbitrary f € C°°([0, 1])
with elements of D(Az) then density follows by a standard § argument. Consider the sequence of functions
fn :10,1] = C given by

. e~ Vo) f(z) x>0
Fnle) = {0 =0

Note that each |f,(z)| < |f(z)| for all z, and so it is in H because f is continuous and therefore bounded
since we are on a compact domain. Furthermore, each f, is has f,(0) = 0 and is certainly absolutely
continuous with bounded (and so square-integrable) derivative via fn(z) = f(z) [; e~/ () /(nt?)dt for all
x; 80, fn € D(A3). Let M be such that |f| < M. For any € > 0, we see that for n > N,

1 1
1 — I = / ful) — f(a)Pda < M2 / e 1) 12y

This integrand is bounded above by (|1 + |1/)> = 4, and so by dominated convergence and the fact that
e~1/(nz) converges to 1 pointwise a.e. as n — oo, we see that ||f, — f|| — 0, which means that D(Ay) is
dense in H.

To see closedness of Ay, let {(pn, A1¢on)}n € T'(A1) converge to some (p,9) € H x H; we claim that
(p,) € T(A;) as this will imply that T'(A4;) is closed and thus A; is closed. We know that ¢, — ¢ and
Arpn = = @), — i1p. We will show that the convergence ¢,, — ¢ is uniform by showing it is uniformly
Cauchy. Let € > 0 and x € [0, 1] be arbitrary. Then, for all n,m € N

©n(0) +/$ @ (£)dt — @ (0) f/o

T

lon(2) = om(z)| =

%(t)dt’
0
< Lon(0) — om(0)] + / (1) — (1) dt

< Lon(0) — om(0)] + / [ (t) — o ()]t

< en(0) = em(0)] + I}, — emll,

where for the last line we used the Holder inequality || - ||z < || - [[z2. Since @& (0) = pr(x) — [; @} (t)dt, we
see
2

0n(0) — m(0)]2 = / 10n(0) — o (0)[2dt = / onlt) — om(t) + / () — G(s))ds| dt

Problem 2 continued on next page. .. 3
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So, letting & be the map sending ¢ fot oL (s)ds,

|80n(0) - <,0m(0)| = ”Spn — Pm +€n - fm“ S ||50n - (pm” + Hgn _gmH

We have already seen that |&, (x) =& (2)] < ||¢], —¢h, || by the Holder estimate, and so ||&, —&m || < ||¢),— @bl
as well. Combining everything, we see that

|00 (@) — ©m(2)] < |lon — @mll + 2[l¢) — hll

Since both of these sequences converge and therefore are Cauchy, certainly the convergence ¢, — ¢ is
uniform. We now claim that ¢(z) = ¢(0) + [; (i)(t))dt for a.e. . Let & > 0; then, there is some n € N
independent of x for which [p(z) — ¢n ()], [£(0) — ¢n(0)|, and ||¢;, —irp|| are all < £ for all 2 € [0, 1]. Then,
for all x,

\go(w) o0~ [ m(z’w»dt\ - ‘90(96) —ol0) = [ty onle) — o)

< (@) = pu(@)] +

eula) = 0) - [ x(z‘w»dt]

IN

5 +1en(0) = 0]+ | [0 - ivtena

2 1
< T+ [ I -

2e .

A

where to get the last line we again used our favorite Holder estimate. Since this holds for all € > 0, we
see that |@p(z) — o — [y (iv(t))dt| for all z, and so @(z) = ¢(0) + [ (iv(t))dt for all . Therefore, ¢ is
absolutely continuous and ¢’ = 1. So, ¢ € D(A4;1) and (p,¢) € T'(A1), from which closedness follows.

The proof that Az is closed goes similarly. Let {(¢n, A2¢n)}tn C T'(A2) converge to some (¢,v) € H X H;
we claim that (¢,v) € T'(Az). We know that ¢, — ¢ and Az, — ¢ = ¢}, — i1p. The exact same proof
as above shows that ¢, — ¢ uniformly and therefore that ¢(z) = ¢(0) + [, (i)(t))dt, which means that ¢
is absolutely continuous and —iy’ = 1. The last thing we must show is that ¢(0) = 0, which follows clearly

from the fact that ¢,, — ¢ uniformly and so ¢(0) = lim,, ¢,,(0) = 0. So, ¢ € D(Az) and so (¢,v) € T'(Asz).

We conclude by showing the spectral results. For Ai, note that for any A € C we have that the map
¥ sending « — €"** is absolutely continuous and so 1y € D(A;) (since € =1+ [ e"*'dt) and we have
that

(Al — )\1)¢>\ = —i(i/\)I/J,\ — My =0 = Yy € ker(Al — )\]1) = M€ U(Al)
So, 0(A;) = C. For Ay, we claim that p(As) = C. To see this, we will simply show that the resolvent
(Ay — \1)~! exists for every A € C. Equivalent, we show that for each A\ € C and each v € H, the equation

(A2 = A)p = ¢

has a unique solution ¢ € D(Ag). Let My : D(A2) — D(Az) be the multiplication operator sending
£(x) — e¢(x); this is clearly a bijection. So, we want to show that the equation

(A2 = AL)MrE =4

has a unique solution ¢ € D(Ay). Since (My€)'(z) = ¢ (z) + iAe*¢(z), the above differential equation
reads

—ie¢ (x) — PAeNTE(z) — AeNE(2) = W(2)  (£(0) =0)

Problem 2 continued on next page. .. 4
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= (x) =ie"Y(z) (£(0)=0)
x) = xie_i’\t
— ) / ()t

This £ € D(Az) defined above is the unique solution, which means that (As — AL) is invertible and so
A € p(As). Thus, 0(A3) =0. =
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Problem 3

Show that if A is a symmetric operator on a Hilbert space H then the following are equivalent:
(a) A is essentially self-adjoint.
(b) ker(A* £il) = {0}.
(¢) (AL ) = A.

Solution
Proof. (a = b) Suppose first that A is essentially self-adjoint. Then, A is self-adjoint. So,
ker((A)* £4i1) = {0}

by applying Theorem 11.26 in the lecture notes to A. By Theorem 11.17 in the lecture notes, (4)* = A*,
which means that
ker(A* +41) = {0}

as desired.

(b = c¢) Suppose now that ker(4* +il) = {0} = ker((A)* £il) = {0}, where the equality fol-
lows from Theorem 11.17. Then, again applying Theorem 11.26 to A, we see that

m(A+il) =H
Note that we certainly have that A £ i1 is closable and with the same domain as A, and so
A+il=(A+il)"™* = A +il = A+l

Thus,
m(A+il)=H

Let T := A £ i1 for notation. Write I'(T') = {(¢,T¢) : ¢ € D(T)} for the graph of T Then, by Claim
11.11 in the lecture notes we know that I'(T) = I'(T). Since im(T) = H, for every 1 € H there is an element
¢ € D(T) and a sequence {(¢n, Ten)nen € T(T) such that Ty = 1 and

(ns Ton) = (0, 9)

In particular, we see that Ty, — 1, which means that ¢ € 1m( ). Since this holds for all v € H, we see
that im(A +41) = H.

(¢ = a) Again let T := A £ i1 for notation. Suppose that im(7T) = H. Let ¢ € ker(T*) = ker(A* F il)
be arbitrary. Then,

T =0 = (T*%, ) =0 Yo € D(T) = (,T) =0 Vg € D(T) = o € im(T)*
By Claim 7.8 in the lecture notes, im(T)+ = (im(7))*+ = H+ = {0}. So, ¥ = 0, and therefore
ker(A* +41) = {0}

Since A* = (A)*, we find that A is closed and ker((A)* £i1) = {0}. So, by Theorem 11.26 in the lecture
notes, A is self-adjoint. Thus, A is essentially self-adjoint. m
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Problem 4

Let A := —10 on
D(A):={yp € A: ¥(0) =¢(1) =0}

with A as above.
(a) Show that A is symmetric as an operator A : D(A) — L*(]0, 1]).
(b) Calculate A* (along with D(A*)) and conclude A is closed, symmetric but not self-adjoint.
(¢) For any a € C, |a] =1, define A, := —id on the domain
D(Aa) = (b € A: $(0) = (1)}
Show that A, is self-adjoint, and that it is an extension of A, and is extended by A*:
ACA, CA*

Conclude that A has uncountably many self-adjoint extensions.

Solution

Proof. (a) To see that it is symmetric, let 1, o € D(A). We explicitly compute via integration by parts that

W, Ap) = / @) (i (2))da

1
— [P (—ip@))]ieo - / V@) (—ip(x))dz

- / S (@) ()da
= (Av, ),

where we used that 1(0) = (1) = ¢(0) = ¢(1) = 0 to eliminate the boundary term and observed that
2

1 = 9" (which can be seen by separately differentiating the real and imaginary parts). Therefore, A is
symmetric.

(b) We will show that D(A*) = A. To see this, let {Ks}s C L?([0,1]) be an approximation to the identity
as defined in Chapter 3.2 of Stein III (in particular, each K5 may be compactly-supported, real-valued, and
infinitely-differentiable). Letting Js € B(L?([0,1]) be the operator sending ¢ — ¢ * Kj, we see that Js is
indeed linear. To see boundedness, note that by definition of an approximation to the identity there is a
constant C' for which fol |Ks| < C for all §. By Young’s inequality, we see that

1 Tsell = llg * KsllL2 < [lell 2l K5l < Cllell

and so Js is bounded. By Theorem 2.1 of Chapter 3 in Stein III, we know that for Lebesgue a.e. = € [0,1]
and continuous f : [0,1] — C,
(fxKs)(x) = f(z)asd =0

If f is continuous on the compact domain [0,1] it is also bounded and so clearly in L?([0,1]). Again by
Young’s inequality, ||f * Ks||pee < ||fllz2|EKsllz2 = ||f||r2. Therefore, the sequence {f * Ks}s is a uniformly
bounded sequence converging to f pointwise a.e., which means that fx K5 — f in L*([0,1]) as well by dom-
inated convergence. It is known that on a compact domain, the continuous functions are dense in L?. So,
by a standard £ argument we see that Js¢ — @ in ||| ;2 as § — O for all ¢ € L*([0,1]). Thus, J5 — 1 strongly.

Problem 4 continued on next page. .. 7
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Now, note that for all 0 < a < 8 < 1, if we define

o) () = /0 Ks(t — ) — Ks(t — a)dt,

then for small enough ¢ we definitely have that géa’ﬁ ) e D(A). Since | gga’ﬁ )| is uniformly bounded w.r.t. §

by 2C and gga’ﬁ) () = X(a,p)(x) pointwise, we see that gga’ﬁ) — X(a,5) I L? as § — 0 by the dominated

convergence theorem. Now, let 1 € D(A*) be arbitrary. We have that by definition of the adjoint and
continuity of the inner product,

<Ag<($a’5)’w> = <9§a’ﬁ)’A*¢> — <X(a76)?A*w> = /ﬁ(A*¢)(m)dm

«

We may compute the left hand side via
A () = —iKs(a — 8) +iKs(z — o)

and so

<Ag§a’5)7¢> =— /01 Ks(z — B)y(x)dz —l—i/ol Ks(x — a)y(x)dx

= —i(Ks x)(8) + i(Ks * ) ()
= —i(Js¢)(B) +i(Js¢)()

By strong convergence of Js, we see that as § — 0,

(4952, 0) — —ip(8) + it (a)

So, by uniqueness of limits, we see that

B
~i0(8) - v(a)) = [ (AW @)z
So, 9 is absolutely continuous and therefore D(A*) C A. Furthermore, the above shows that (—i0)y = A*.
We already saw in the proof of Problem 2 that A C D(A*) since we may apply integration by parts to any
absolutely continuous function. So, A* = —i0 with domain D(A*) = A, which means A is not self-adjoint.

To show that A is closed, we will show that A = A** (though replicating the proofs of closedness from

Problem 2’s A; and As would work too). We know that A** C A* since A is symmetric, and so A** = —id.
To determine its domain, let ¢» € D(A**). Then, we have that for all ¢ € D(A*) = A,

1 PR
(A%, ) = (0, A™) = (g, —inf) = / 2@~ ())dz

@)y + i / F@)(z)de
- 0
@)y + (~ig, )

(@)¢(@)]z=0 + (A%, ¥)

So, we must have that —i[p(x)y(x)]i_, = 0 for every ¢ € A, which is only possible if ¥(0) = (1) = 0.
Therefore, 1 € D(A), which means that D(A**) C D(A) and so A** C A. Since A C A** always, we have
shown that A = A*x = A, and so A is closed.

<

=i
=i
=

5

Problem 4 continued on next page. .. 8
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(c) We know that A¥ = —id by similar logic to what we had in part (b) (note that all the Js and géa’ﬁ)

nonsense did not depend on any boundary information of ¢), and so all we must do is find its domain. Let
1 € D(A%) be arbitrary. Then, for all ¢ € D(A,), we have by yet another integration by parts that

I - -
(Agw, ) = (1, Aap) = /O b(a)(=ig' (2)) = =il () p(x)]zoo + (=i, @) = if(2)p(x)]sg + (A5, ¢)

So, for all ¢ € D(A,) we must have

@e)ho =0 = ~9(1)p(0) ~ F(0)p(0) = 0

The only way for this to hold for all ¢ is if

$(1) = a(0) = ay(1) = ¥(0),

where the implication follows since @ = % for |a| = 1. Therefore, ¢ € D(A,), and so D(A%) = D(4,). In
particular, A, is self-adjoint. Since all of A, A, and A* act as —id and we have that

D(A) C D(Ay) C A=D(A"),

we see
ACA,CA"

So, we conclude that A has uncountably many self-adjoint extensions. =
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Problem 5

Show that A is closable iff I'(4) = I'(B) for some operator B. Show that this operator B is the closure A of
A.

Solution

Proof. ( =) Suppose that A is closable. Let B be any closed extension of A with domain D(B) D D(A).
By definition of an extension, we know that I'(4) C T'(B). Since B is closed, so too is I'(B), which means
that

T() CT(B)
Define the operator R : D(R) — H via

D(R):={ypeH: (¢Y,p) €(A) for some ¢ € H}

and

R = ¢ for the ¢ € H such that (¢, ¢) € T'(A4)

We know that this definition is unique since, if there were two (1, ¢1), (¢, p2) € T'(A), we would have that
(1, 1), (¥, p2) € T(B) and so 1 = Bip = py. Clearly, this construction means that T'(R) = '(A). Further-
more, this means that I'(R) C I'(B) = R C B. Since this holds for all closed extensions B of A, we see
that R is the minimal closed extension of A. Therefore, R = A.

( <= ) Suppose that T'(A) = I'(B) for some operator B. We know that B is a closed operator since
its graph is closed. Furthermore,

I'(A)CT(B) = ACB

So, B is a closed extension of A. In particular, A is closable. m

10
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Problem 6

Let {¢n }nen be an orthonormal basis for H and ¢ € H any vector which is not a finite linear combination of
{©n}n- Let D be the set of vectors which are finite linear combinations of {¢, }, and of ¢. Define A : D — H

via N
A <b¢ + Zaz«pz) —
=1

Calculate I'(A) and show that I'(A) is not the graph of a linear operator.

Solution

Proof. Note that for any € span{y, }, we have that An = 0. Also, Ay = 1. Let & € D be arbitrary;
then, & = by 4 7 for some 1 € span{¢, },, and so

(§, Ag) = (b, bp) + (n,0)
Since this holds for all £ € D, we see that
T(A) = {(§,A¢) € H*: ¢ € D} = span{(¥, ¥)} @ span{(n, 0)Inen

So,

T(A) = span{(¥,v)} ® span{(¢n, 0)}nen
=span{(¢,¥)} & {(£,0): £ € H}
={(¢,b0) : ¢ € H and b € C},

where for the second equality we used that the closure of the span of an orthonormal basis is the whole
space, and for the third line we noted that for any b and ¢, it holds that (¢ — b,0) € {(£,0) : € € H} and
so (bh, b)) 4 (¢ — by, 0) = (p, b)) € T(A). Suppose by way of contradiction that T'(A) = I'(B) for some
linear operator B. Then, (0,%) € I'(B), which means that B(0) = ¢ and so 1) = 0. This contradicts the fact

that v ¢ span{yp, }n, and so A is not a closable operator. m

11
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Problem 7

Let A : D(A) — H be injective.
(a) Show that if A is closed and has a closed range then 3C € (0, 00) such that

[AY]| = Cllyll - (¥ € D(A)) (1)
(b) Show that if A has dense closed range and obeys (1) then A is closed.

(¢) Show that if A is closed and obeys (1) then it has a closed range.

Solution

Proof. (a) Suppose that A is closed with closed range. Define the map A : D(A) — im(A), which is then

a bijection since A is injective. Furthermore, we see that I'(A) = I'(A) and so I'(A4) is closed in H x im(A)
since I'(A) is closed. ~Since im(A) is closed and is therefore a Banach space, we may apply the closed graph
theorem to see that A=! : im(A) — D(A) is bounded. Let M € (0,0) be such that

|A= ¢ < Mol (¢ € im(A))

Then, for any ¢ € D(A) we may apply the above with ¢ := Ay to see that
~_ 1
AT AY[| < M| AY]| = [[¥]| < M| AY]| = [|Ay] > VALl

The above holds for all ¢ € D(A).

(b) Suppose now that A has dense closed range and obeys (1). A dense closed set is the whole space,
and so im(A) = H. Therefore, A is both injective and surjective, meaning that it is invertible. We claim
that T'(A) is closed. To this end, suppose that {(p,, Ap,)nen € T'(A) is a sequence converging to some
(p, 1) € H x H; we want to show that ¢ € D(A) and ¢ = Ay since this would imply that (¢, ¢) € I'(A) and
therefore that I'(A) is closed. Since A is bijective, we see that for all £ € H, A=*¢ € D(A) and so (1) reads

- _ _ 1
14471 = AT = [lA7"ell < S

Thus, the map A~ : # — D(A) is a bounded linear bijection. Note that we separately have that ¢, — ¢
and Ay, — 1. We may say that

_ _ 1
IA™ ) — pull = A7 (¥ — Apn)|| < v — Aenll

Since || — Ap,|| — 0, we then find that ||A=1¢¢,| — 0 and so ¢, — A=, By uniqueness of limits, this
means that ¢ = A=, which automatically yields both that ¢ € D(A) and also that Ay = 1. So, I'(A) is
closed.

(¢) Suppose now that A is closed (and so I'(A) is closed) and obeys (1). Let {t¢p}nen C im(A) be a
sequence converging to some ¥ € H; we want to show that ¢ € im(A) as this will prove that A has closed
range. Note that for each n there is some ¢,, € D(A) such that ,, = Ap,. We note that by (1), for n # m
we have 1 1

lon — omll < EHA‘PTL — Apn| = 5”¢n — Y|
Since the sequence {1, }, converges it is Cauchy, which means that {¢,}, is also Cauchy and so converges
to some ¢ € H by completeness. So, since @, — ¢ and Ay, — 1, we see that

(‘pvuASDn) — ((P,’L/J) as n — o0

Since each (¢n, Ap,) € T'(A) and T'(A) is closed, this means that (¢,v) € T'(A) as well. Therefore, 1 = Ap,
and ¢ € im(A). So, A has closed image. m

12
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Problem 8

Calculate the adjoint of —9? : C§°(R) — L?(R). Determine if —9? is essentially self-adjoint. Here C§°(R) is
the set of functions f : R — C smooth of compact support.

Solution

Proof. We start by observing that —9? is indeed densely defined since the smooth functions of compact
support are dense in L?(R), which is a good sign. Now, we show that —d? is symmetric. For every
1, € D(—0?), we have that

(¥, (=0%)p) = (¢, —¢")

By integration by parts, we see that
(W, —¢") = - /R@p” = —[v¢']% + /RWs@’

Since ¢ has compact support, certainly ¢’ also does, and so the boundary term vanishes. Applying integration
by parts again,

(6, — ") = [Fgl= — / T = (—", o) = ((—0%), 0) |

where the boundary term again vanishes because of compact support. Since this holds for all ¢, ¢ € D(—0?),
we find that —9? is symmetric. We will now compute its adjoint.

As we did in Problem 4, let {Ks}s>0 be a real-valued, compactly-supported, infinitely-differentiable ap-
proximation to the identity, and let Js € B(L?(R)) be the bounded linear operator sending

L*(R) 3 ¢ +— ¢ x K5 € L*(R)

Note that even though the measure space is now infinite, we may still use Young’s inequality for boundedness
of Js since fR |Ks5] < C. We would like to show that Js converges strongly to 1. To see this, it suffices to
show that ||Jsi — 9| — 0 for all p € C§°(R), and then density of C§° will imply that Js — 1 strongly. So,
let 7 € C§°(R), and we compute

950 = 0lF = [ (0% Ks)(w) = (o) e
Note that if we let M denote an upper bound on ¢ and E be the compact support of v, then

(¢ * Ks)(2) — ()] < (¢ * K5)(2)| + Mxp(z)

= |+ Ks)(2) — ¥ ()]* < (0 Ks)(2)|* + 2M|(4) = K5)(2)| + M*xp ()

Since ¥, K5 are both compactly-supported, their convolution must be as well. It is also bounded since
|(YxKs)(x)] < M [, |Ks| < MC. This shows that the function [¢) % Ks|*4+2M ¢« K5|+ M?x g is integrable,
which means that it is a valid dominating function for the above integral. So, by the dominated convergence
theorem, we see that || Js1 — 9| — 0. So, Js — 1 on C§°(R); by density and boundedness of Js, this means
that Js — 1 strongly on all of L?(R).

Proceeding similarly to what we did in Problem 4, for any 0 < o < 8 we define

95" () = c(x) /01/0 Ks(s = ) = Ks(s — a)dsdt

Problem 8 continued on next page. .. 13
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where ¢(x) =

{Ii(y S (aaﬁ) (a,B)

0 | . Then, each g; is smooth and has compact support since Ks does (for
else

large enough s we expect Ks5(s — ) — Ks5(s — a) = 0 since K is compactly supported). Therefore, each
gga’ﬁ) € D(-0?). Furthermore, since |g§a’6) — X(a,p)| is dominated by 0 for z < a and 2C otherwise and
compactly supported we may apply dominated convergence. We know that fot Ks(s —p) — Ks(s —a)ds —

X(a,3)(t) pointwise, and so
0

If # < « this equals 0, and if > § this also equals 0. However, for z € («, 8), we have that this equals

Iia fj dt =1. So, gga’ﬁ) — X(a,3) Pointwise. By dominated convergence, g(ga”g)

— X(a,8) N L? as well.

Now, let ¢ € D((—0%)*) be arbitrary. We have that by definition of the adjoint and continuity of the
inner product,

<—¥@m“m>=<®%mm—¥vw>%<mmmx—Wﬁw>=[f«—vaxm¢v
We may compute the left hand side via
~0%gy"" = —Ks(x — B) + Ky (x — a)
and so
<—¥¢””w}=—[ﬁkﬂm—mmex+AwKum—meMx
By integration by parts, for v € (0, 00) we have that

AmKuzwquzn

i’m pretty sure I messed up, something is not right. I hope I was on the right track :) m

14
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Problem 9

Let —id : C§°([0,00)) — L?([0,00)) where the domain is the set of smooth functions with compact support
away from the origin. Is it essentially self-adjoint?

Solution

Proof. Let A := —id and H := L*([0,0)) for notation. The usual integration by parts trick reveals that
A is symmetric since a function having ”compact support away from the origin” means that it is 0 at 0 and
[N, 00) for some large enough N, and so the boundary term from integration by parts will vanish. We claim
that it is not essentially self-adjoint.

Define ¢ € H via ¢(z) = e~*. We have that
D(A") ={peH: I eH st VneD(A), (p,An) = ({,n)}
We claim that ¢ € D(A*). To see this, let 7 € D(A) be arbitrary. Then,
o) = [~ iemf s =i @], - (<) [ (e mtais
Since 7 is compactly supported away from 0,
(o) = [T Tgta)de = (ivton)
Note that —it)/(x) = —i(—e™ ") = de~* and so —i)’ = iy) € H. We find that A*¢) = itp and therefore that

1 € D(A*). Note that
(A" =il =it —ip =0 = @ € ker(A* —il)

Since 1 # 0, Problem 3 above tells us that A is not essentially self-adjoint. m
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