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We will proceed with

① Rudi functional analysis (topo - Vector spaces, conventy
,

open mappys)

② Barach speces/aty · - spectral theories

⑤ Hilet/operators

* Fredholm theory ,
2-* als

,
Schattin classes

* All vector spaces
will be over I

Conside two different topologies on K:

↑ = Yusual and ↑ the topo induced by the

metre d(zw) = &15-w) zaw for cert

(z) +1u) else

Clea,(and anothomomorphic on thatta retire

: (Topolo cal Vector Space)gi

* is a topological reatur space if it is a (Creator spaceand

also a topological space open Sets Open(1) in a compatible way :

· +: XxX + X is continuous wat. Open (x)
G ·: CXX +X is continuous wit product topo . KxX

Furtherne, we assure X is T
,

Et singletos are closed.

We claim that (C
,
) is a

TVS but (
, Ya] is NOT.

To check whethe + is continuous
,

we may note that the basic open sets at

a metrizable topo. is Ba(z)
.

So
,

we may see + (Balzt)=U Br EveX : llw+-El



Ele: 18 spaces for pelo,

1%N) = 1
°(N+ () = Ea : N +1)En lazil 203

It is a K-vector
space . If p, I nomtmeticoa

We claim 1PN) is a TVS of infinite dimas
. Furthere

1P(N) E14(N) if pEg as TVS
,

even though they are the same

rector space. The they at TVS will allow us to discern between these

F
continues

not E
2(U+e) is a -reater space.

We
may give it a toology.notumoplic

normable! ForUC ---

& (Bonded is Balanced sets)

Let X be a TVS
.

We say SEX is bounded it for
any neighborhood N

of
a point ofSi SCEN for large enough 7.

S is balned Istershaped) if aSES Fack with late .

S is absorbing if ExEX
,
Its0 st.

+etA

A warning : TVS bounderness does not always agree with metric badedness

(though it does if the metric is indeed by a norm.

Remark :
-

Reall a local basis at pet is & collection BENbha(X)
sit. FNeNbrd(p), & BeB st. BEN

Furthenoe
, by hypothesis we have two honeomorphisms

T: win weThe and My : X++ with inverse M1
2 ,

470

& H 24

So
,

a local bases at pat is sent to a local bes at
a by Tora,

and so it is sufficient to specify a local basing to defi a topology on X

local basis+ basis -> topo.



Special types of TVS

& X is locally corner if I local basic at
this

consisting of
convex sets.

② X is locally bonded if ---

bounded alts

③ X is locally compact if =NeNbid(0) sit. I is compact

& X is an E-space if it is metricable from a complete
,

translation-invanient metric

⑤ X has the Heire-Boal property if closed + bonded = compact

Lemma :
-

- WENbId(o)
,

FUENbId(o) st. U = -U and U +UEW.

Prof: +: XX-X is continues at 0
,

and so JV,UeENbhdld) st. VitVeEW.
-

Let
U : = V

,
1Ven(-V

.) 1(-Ve) => OeH ,
U i open,

and U = - U

B

Lenna (separation]
-

It X is a TVS with C&X closed and KEX compact ① open

with C1K =0
,

the JVENbId(0) sit.

(2+ r) 1(k+ v) = & &Crope

Further Since CTV is open, K+Viv= Fr eltus" = (2v)n[iv] = 0
.

Moreover
,

if wa take K= 303 and 2= U" with Kelbhd(0), then
a
neighbordood,

we my
for Y

= Verbid(d sit. Mu= 0 = VEU .

I ful another
neaghbred whose

close site wide

#F- Leed Rudh Ch
. 1)

de nee&grove



Proof of separatio lenme : Suppor Woo that K + 0
. Let xeK = XeC

.

So,
,

C'ENbld() = c+ E-X3ENbhd(0)
· Applying our symmetrication

lama
,

JUXENbhd(0] st Ux = -UX and

V + V
+

+V
+q(+ 3 -x3E(4x3 + Vx+ Vx +Vx)12 = &

Since V = U
, (Ex3 + Vx +vx)1(2+vx) = 0

Certainly
, U +V) is a open cove

,

andso

k[3 +V). Dete Ve . The

k+V (3x;3+Vx + v) @ (3x;3+V + Vxi)

By construction
, (3x;3+V + Vxj)1(C+ Vj) = 0 E,

=> (3x;3+V + V
=j)n(C + v) = 0.

So
, (k+]n (C+v) = 0

.

D

Lemma:
~

Let A-X. The
,
12 / (A+ 4)

KENbhe(o)

&of: We know xtE UnAtO FUENblt) E (3x3+ u)1A + 0 F UENbLd(0)

=> xeA+ (-1) FUeNbrd(0) E xeA+ U FUeNbLd (0)
·

↑
n + 13 (d D

-

UeN3

Lemma:

# EXX is bonded
,
the E is too

.

Roof: Let Verbid (07. The - WENbid(0) s.t. WEV
.

Since E is bounded
,

ECth for laget => ECtrCtV
. B

shorted for

Lemma :
Nord(0)

--

① UN TEN adsTV st
. Ve

&of: D Let HENCO)
.

Scalar mult
. is continuous and so 7810 st. VCE(o

,
c)

I WeNbId(o)
,

<Wel
.

Let Vi = U a W
.

The
, Us is open . Furtherne Us is

S
2+(0

,5)
-

S

balaced as multiplying by 1811 reerages terms.
② See Rudin .

B



Theorem:

For any KEN(o)
S

① X mill Verand(0,0 with intro.

② Any compact K is branded.

& If U bounded
,

then FESBn(0
,
%) with S1>6 +

ad Sn - 0
M

Xthe famil SSU3n[(X(*) is a local basis for
-whe that me

don'teed

to say
"at 0 " by its

&of: D For a bed xex
,

the map FiCzX sending alax is continuous

So, #
"
(U) E Ope(e) and contains O

.
So

,
it contains o for large n

# el XerU XinU .

② Let KEX be compact, UENIO)
. By the above lea

, IWEU sit.

Wenlo is balanced
. By O

, KenW KENWm= 1

Since W is balanced, kWelw for Kel = KINnW = KInmU.
So

,

K is bounded.

③ do this!

D

We now look at linear maps on TVS's

Prop :

Yet X
, Y be TVS. The

,
1 : +Y lives and continues at O

=>1 is continuous everymbe .

&of : Let UEY be open; we was 1dy) is open in X Suppose WOLOG

U
,
14+ 0

.
Then

,
JxeX st

. & U+51x3
· Continuity of 1 at Ox and linets

Li .e. 10x =Oy) => 1 (U+ 31x3) ENCOx) ·

Since 1" (U+313) = 1"U + Ex3 by liments,

1 U + Ex3 E Open() 1'n eOper(X).
D

Theorem:

If 1: X + & is line and Ker(1) X
,
the TFAE:

① 1 is continuous

② Ker (1) is closed in t

③ Ke (1) is NOT duse in t

④ THENCO) Sit. 11
m

is a bounded map.



: (D =8) 1 cont . => 1"(C) is closed in ↑ for all closed C & &.

Since 303 =Closed(1) and ker (1) = 1- (303)
,

it is closed.

( =3) Sinc Ke(1) is closed
,
The(1) = her(1) # X by assruption .

( =Q) Suppose Her(1) isn't dese E int(ke(1) + 0
.

let reint (Hell = JUeN(o) st. Ex3+Ucke-11]?

Suppose WOLOG that U is balanced
. By limerity

,

14 is balanced
as well. Suppose BWOC that 1UEC is unbonded

,
yet balanced.

The
,

11 = 4 => Jyel St
. 1y = -1x = xtyther(1)1(3x3+ 4) .

-

( => D) Suppor JUENCO) st. MIn is bonded
. The

,
FMECO

,
1) s it.

11/1M FxzU. Let Eso and defie W : =
= U

-M
The

,
ExeWe we kew (1x-101 = 11x12. So, 1 B

continuous at Oz 1 continuous·
D

We now look of finite-dim TVS's (which it will turn out is always =CV)

Theorem:

Any line f:-X is continuous

& Let dep3;
be the staded basis for I . The

, flztz fles
by lineering .

Since each element of the sun is continuous
,

so -f-

B

Theorem:
-

Let X be
a TVS

,

and let YeX be a finite-dime subspace.
Let dim(Y) = n. Then

,

① Y is closed in X.

② Any retur space isomorphis f :+Y is a TVS isomorphism.

Proof :
-

12-
② Let fie" -Y be a reater space isomorphism=↑ is bijective and linear.

Dem S := Eze = 13 = So,
S is compact.

Since f is liner
,

of is continuous
,

and so f(s) is compact in
Y.

Size FOcu = Oy , OyEf(s) .
Thus

, JVENCOg) balanced Sit . Unf(s) = 0.

Defin
E:= F (v) = f"(UNY) <ev ·

The
,

Ei open and Ens = %.
because

Ce
↓

We
argue V balaced => V path-connected ,

and so E is path-connected -> E corrected.



So
,

E is a corrected subset of "St. Ens = 0
,

⑧
(
-EE.

Thre
,
EaB

, (On)
·

So
, It is a bonded up Y +2

So
, (f) : Y + C is a bounded liven functional

,

and so its continuous

by Leave 2 . 14
. By the def of the product topology

,

f" is continous.

So
,

f is a honeomorphism.

① We wis YAY Et Y**
-

&Y Let XEY and conside

Z = SpanEx,
Y3

. By ⑦
,
ZE"

.

So
, x is not in the closure

↑

of Y in E
. By the def irsconi subspace topology,

Close
=
/Y) = Clone

- (x)17 => (Close=(Y)" = z) (close(Y) -z)
So

,
x + 2) Close

,
(Y) = + = X /Chose Posmex(YEXIClose

D

Theorem:

If X is a locally compact TVS
,
the dinXco.

Proof: Local compactness means JVEN(Ox) Sit.
↑ is compact

.
-

We can build a countable local basis at On vie EIV3n via

The 2
.
17

. Also
,
I compact -> F bonded-> V bounded

.

We know that WEBTEV is an open core of F
,

and so

xEX

7 Ex
, ,

. .

.,
Xn3 st . CX3 + EV

. Defin Y : = spenEx, ..., xu3 .
The

, Y is

closed in X by per three .
Since Y is a retur subspace, Y= BY -30.

ThusVIEY+ Ev = VCY+ z(y+ tv) = Y+ V

We

we routthat VYVK UkeN

So,

Since
X=

KV
,
XY = X=Y = X is buildhe

I

Theoen :
-

It X is a locally bonded TVS which obeys Here-Bowel property,
Then dim(x) < 0

.

Bot: By local bandedness
,
JVEN(Ox) bounded. Thus

,
t is also bounded,

which by Hire- Barel property mens I compact.

So
,

X is locally compact!

Appl previous theorem

D

: make everything frite-din !!!



&Banad Spaces

Lef:

Let V be a rector space.
A norm on V is a map 11 · 11 : V + [0

,
0) s.

t.

① clIxIl = llcxI) FacK
, xEV (homogeneity)

② 11x+yll =Ill + Kyll FAyEV (tringh ineal)
③ 11 x /l = 0 => X=On Fx v (injectivity-ish)

-Di live
in2nd slot,

antiliver in 1 slot

↓

A retur space V is an ine product space if J a susquiles map

( ) : v- & sit.

&) (x
, y) = J) & Line in 2 agret & (x

,
x)>0 FXEV1303

It hoppes that inner products induce norms.

The comrese is not always true·

: It a nowed vecter space whose norm satisfies the -la

1) x +y((+ 11x -y(k - 2((x(m+ 2((y/1 Vx,y Ev

the (x
,3) : = t Cl+yIP-11x-y(+: /lix-yIP-illixig11] is a valid me

product.

Furthermore
,

if -law is not obeyed
,

then the is no inve product
which is compatible with that worm.

example: eV with from 11= Szil doesn't satisfy X-law
,

nat.

Every now indus a horoguous retur d : vi-10, 0) via

d(x
,3) = 11 +- y() = d(ax

, ay) = (a)d(x,y) .

Defi
-

↓ is a Banach space iff its now indes a complete nature.

ED "W z-nom

Counterexample: X: = Ef : [0, 1 + & If continuous with pointise +,-

Define a now IfIIn := (S
,
IfR)" .

The
, IX, lle) is a named vs.

Howeve
,

the sequence
0, 13

-> . E, ..., the it is Cardy in norm
7

it

Shrink 2

Yet fu + Izz
,

#X a so X isit complete.

S



If.In a barch space X

Jye) : d(x,y) E

· setSe dense if FxEX
,

Faso,

Hefi Banach space X is separable if J a countable
,
dese subset.

Pe Banach space X is a TVS.

#of : Metic spaces are T
,

and so all we must show is that too is continuous.

Let xget and 220 .
We want S

, 8120 sit.

FeBs
,

(x)
, jeBs(s) = (*+5) = By(x+y)

Pick S:Sz= 2/2
,

and the

1kxy) - (ErjIl11Ix-Ell + 11y-511 = S
. + Su =

z

Some for · B

Bandecess
-

Recall that TVS
,
boudness of S FUENCOX

,
SEEN for sufficiently

lage t

Also, in a normed US
,

bandedness ofS SUBSIIIB 20

-
Hough

not
for

intorogenous
netures

It turs out that these are event in normed spaces.

Let X
,Y be Banach spaces. If A : X+ Y is line and contros,

Hen A is banded
,

and so SEX bod -> ASEY bod in the TVS sense

So
, SupllAxlo

Detr :

For X, Y Bach speces and Aixty live
,

define

1)Alleey : = sup

+=B
,
(o)3llAx113

Let B(X+Y) : = 3A : X+Y / /Allegrey) is liner and contines

En Barech spees , we
have continues t bounded

.



14-

in:

If Aix-Y is a live
map

between Beach
spaces,

then
-

llAllopCO > A continuous

Pot (E) Already seen in Chapter 1.

(=) We have 11 Ax-AElly= 11 A(x-E)11 = /Allop 11x-EllxY
So

,

A is llAllop-hipschite
,

and thus continuous

D

Also, if A
,

B : X+ X are line operating on a Barach space,

The
11 AoBIlop /Allop IIBIlop (submultiplicative

This
will saiup turning BCA) into a Banach algebra, asa

#am: (Red Simon # ·2)

(B(X + Y)
,

11 · llop) is a Banch space.

&of: We know BCzY) is a reator space and 11.llop is a

norm .
So

,
we must show completes. Let EAn3n be Caraly

writ. II'llop .
For

any
xEX, EAnxEn is Carchy in Y

by the earlie claim
.

So, Anx - y for some yey by
completes. Defin B sending x + lim Anx

n +0

& is line by living of the limit. Frethence,

11 An-Amllop = IIIAnllop-1lAullop) by rese S-ice

So EllAnlIn is Carchy in IR
,

a complete space.

So
,

ICER

sit. elAnlop = a
.

So
,

Exex,

llBx/ly = emll Analy In Allo llx = cllxl

So B is banded with 11 Blop 12 .
Thus

,
BeB(xzY) .

All that remains to show is that llB-Aullop to
.

For every xeX, 1) (B- An) x (ly = lln-An)xllyand
ay meN

So if III
, IIB-An)xIly= /An-Anllop = llB-Amllop - llAn-An o

T



Defi

AcB(XtY) is an isometry ift llAxIy = Kelly ExeX
.

So
,

X and Y are isometrically isonaphic iff JAEBLXey) liver and isomorphic.

This is the isomoplise in the category of Barech spaces.

Laim:

Any Let subspace of a Banach space is itself a Banach space

2 . 1 Completeness
Defi
-

If X is a topological specs we say SEX is nowhere densen if

int(5) = &

Refe: (Baine)

Sets of the 1* Category : SEX is meage iff it is the countable

"meagre" union of nowhere duse sets.

Sets of the 25t Category : Sets that areNot meagre

Ex
-& EIRusual is nowhere dense

- Q EIRusual is Not nowbe duse

- [0
, 1) -Rusual is N

11

- IR & Kusual is norke dense
- in a discrete space, O is the only nowbe dese set.

- If X a TVS and VEX is arector subspace, V is either dese or

nochen dense

- C & 50
, 1 Cater set is nowhere dense.

Cani
In a topo . space

X :

- AXB and B is meage
,

the so is A
- If EtYn are all

meage, then
a

is too
- If E closed with intES = 0

,
the E is meagre

- If h : X++ is a honeomorphin
,

the h(B) meagus
Et B meage



#heaven: (Baine Category There

If X is either a complete metric space or a locally compact Hausdorff space

the :

If EAS - Open (x] are dess then 1An is dense.

In particular
,

X is not meagre

Proof: We pre BCT first for complete metric
spaces .

Let 5Vj3 ;
be

-

Open and dese .
Let WeOpen() be arbitey: un wis Wh (V) + 0

Since V
,

desa, W nv
,

+ 0.
The

,
Ex

,
EWeV

,
r

, e(0, t) st

#(x) [WnV ,

Proceeding indrefuely ,
we may always find XieBr()1Vj and ve(o, Es)

st. Br
,
(i) 1Vj .

So
, Fj we have XjeBrasil 1Vj Brinksa) nV , 1Vs

[ ... [Wn( vi)
We clam Ex3; is Caraly

,
since if n

,
maN we have

XnitmeBrule) = d(x1
,
xn) zre

Since X is complete
,

Exet sit . Antx
,

and so vewn (SVi).
Thus

, We (vi) = 0 = AVj is duse.

For the "in particular" part, let EEBEt be a countable collection of
nowber duse sets. The

, int(Ej)= Ej. So
,

Es make = (int(Ei)]=x "= X # (E) " is dese and open
dese

BCT give 1 (E)+ 0 = E + + = YEj + X

Since this holds FEEj3y nowher denser
,

he know X is not meage.

1

&ondlay :

Complete motic spaces are uncountable.

#of : X= U Ex3
,

and each Ex3 is nore dese.
xzX

By BCT
,
X cannot be countable .



#heren: (Banach-Steinkers/Uniform Bondedness Principle)
=>

Let X
,
Y be Banch spaces.

Let F-B(X+Y) ·
If for all yetme have
the Allop 0.

Proof : Dete Xn := SreX:SEAg3n u-

The
, XneClosed(x) and X= north

.

Siver X is not meagre

by BCT
,
JneW sit . An is not nowhere danse. So,

# = int (F) = in+ (x) = JxoEXnEX
,

200 st .

&(x) EXn .

So
,
Fuet with Hall 1

,

11Anll = llA(xo + au -x I ruilly +tMolly
In

121
E

Since this bound doesn't depend on A or u
,

uniform bondedness
follows

.

D

119-

We show a nice application of uniform bundedness below.

Prop :

Tet *Y
,
z be Banach spaces and B : X= Y + z bilier

and continuous in each argument separately.
The

,

B is jointly continuers.
by continuity
↓

&of : FxeX
,

&(
,
) : Y+ E is a bovded line

mapping ,
and so

=Go c .
t

. llB(xglz = @ FyeY with Iglly = 1
.

Defi F := [B(: g) : x+ z : llylly = 13
By uniform bandednes

,
-M20 s .

t . Allylly : 1
, /l Bla, y)ll(x+ z)

M

By homogeneity , llB(x)//z = 11 ylly llB(X,yl) /Iz
= Ilylly llB(:,/)/le /II y
= Mlx/Ix Ilylly

Continuity follows immediately .

D



Open Mapping Theorem

Di

A map fix +Y between topological spaces is open if

UcOpe(x) = flu) E Ope(Y)

Pop:

If X
,
Y are TVS

,
then a liner map fixty is open iff

FUEN(Ox)
,
f(u) contains a neighborhood of Oy .

#of: (E) Let KENCO) = f(u) eOpen(Y). By limerity
,

OxtH = Oyef(u) .

(E) Let UeOpa(X) .
Let yef(u) , meaning Exel st. flx=y .

Also
, OxeU-Ex3 = U-EENCOX

Let LENIOx] be sit. LEf(UE3] as promised by the hypothesis.
Then

, L [ f(u-Ex3) = f(u) - f(x3) = f(u) - Ey3 = [y3 + /@f(u)
.

So
,
I an open neighborhood of

y contained in f(u) Fyef(u).
D

Theoen: (Open Mapping
Let AcB(X-Y) be a bounded

,
line map between Banach spaces.

Then
, A is surjective E A is an open map

Dof: (E) We

lhas nonempty interior

(ox)
First

, we show that (1) + (2) suffices to
proce A is open .

Indeed
,

if (1) then Jyey and 200 sit.

B
, (j) & ABr(Ox)

So
,

the is some xeBr(Ox) st . Avey -
· +y+5 ·j&(if not

,
the

every Bals) 1 Atto + 0) .

·

Ox ⑨

Furtherne
, JJEBg(Oy) : y + 5 EABrCOx]

Act Belo
-

=> Ba(0) = AByr(o)
Applying (2)

, Ba(Ox) @ABu-(Ox) , and so ABur(Ox) is open .

So all we have to do is show (1) and 121
.



2) cores from Dare Category Ther with Y = VAB-(Ox)

(2) : We WNBA B-(ox) + dLet

So, S

-Pick a sit . Ba(Ox) -ABIOD ,
which we can do by (1.

-

-EB(o) sit y-Axi-AxeBar(oy) ABeyCox

We this here XeBarn(o) sit . y-As eBin(o) (0
X X

So
, A = y

. Sir 1xell2 At exists.

Th
, A/*) =

3
= yeABa(Of .

=Bot

(E) Homework i

D



eoen: (Frese Mapping Theorem)

It Ac B(X+Y) is a bijection,
then AEB(X+Y

A injecti

#of: A continuous & surjective => A open => A continuous = At bounded
.

B

Pop:

If A : X+Y is a liver
map

between Barach spaces,
the

A bounded Et A"(B
,
(Ox)) has morempts

interior

&of : (E) Let to be in the interior
,

and so 7950 st. Bacxo] A"(TO)
FxeX with 11kd

,

we have XotEBa(o)
,

and so llA(+olEl .

So, llAxIl = llA(x+x)11 + 11 Axoll 1 + llAxoll

If Ill
,
the lE/cs = llAl = EllACEF)l = E(I+ /Axel) < -

.

(E) Homework i

B

Closed Graph Theorem

De:

The graph of a faction fix+Y is

↑ (f) : = G(x,y)zX+y = y= f(x)]

#even: (Closed groph)

Let A : X + Y be a line
mp

between Banach spaces. The
A bounded E) NA) e Closed (XxY)

*of : (E) A bdd => A continuous => If ExEuEX sit XntxeX,
the Axe + Ax in Y.

Let 3(x , Ax)3;
[M/A) be a sequac which correges to

sou (x
,DeXXY . We WTS y= Ax = (x

,g)eN(A), and so NA) would be closed



by first countability of X+Y.

So
,

consider the two projection ups p: XXY -> X continuous by deter

P2 : X <Y - Y
S of product topology

Then
, Xi = P.

((X;, Axj) + X by continuity of p., P2.

Axj = Pz((xj
,
A xj)) + y

So
, Since Axi + Ax by continuity of A

,
Ax =y

(E) Let M/A)eClosed(X+Y)
.

Then
,
M(A) is itself a Banach space.

Define E: X+ /(A) s .t . Ex = (X
,
Ax) .

The
,

I is a bijection
whose inverse is Pilacal which is continuous

.

So
, by mese mapping there

,S

& is continuous
,

and so A= prot is as well.

D

A cool application !

Lema: (Grotherdeak)

If pe(l,e) ,
then 10 embeds in 18

Formally,

let u be a finite measur on M
,

and conside
Se Closed (LP(ru)

S
& as a closed subspace that is also contained in LPM

,r).
The
-

Eko st. FfeS
, Ifllo = KIIfllp

&: Let I have the subspace topology from LPCR
,M), and let

j : S + 1%,n) be the injection mp .

Let Sfibn be a sequence in S s.
t. futf in S

,
and futg in 2?

Then
, Ilf-gllp = Ilf-fullp + 1lfn-gllp = Ilfn-fllp + 11fn-glo + O

Millp = 11 .11 for finite measur spaces

So
, feg M-a . e

.,
and so I has a closed greph.

By the closed graph there
,

5K= /illgas +10 for which

Ilifllo : kIlfllp = llfllo = KIIfllp .

I

Revert : In feat
, from the assuptie on any p,

we may show I/flyM//flln over S.
-
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4. Convexity
Di

A partial ander on a set X is a subset REXXX sit.

() reflexive: (a
,
a) eR Faex

(2) antisguretrie : (a
,
b)ER and (b

,
aleR => a= b Fa

,
bex

(3) transitive : (a
,
b) ER and (b

,
CER = (a

,
CER Fa

,
b
,
<EX

We

↓ R
.

S X is linearly andered if Fabet , either (ab) or (b
,2)

We Say MY is a maxial element of YeX if Vyzy, (m
,y)cR = y = m

Wa
sy n is an upper

bord of Y&X if FyeY
,

ly ,
GER

-Lenna (Forn's Lennal

Let X Be a nonempty partially-ordered set s
.

+ . linearly-ordered·

3
xsubset has an upper bound

. The
, any linearly-onded subset of has an

upper bood that is a maximal elemet

Theorem: (IR-Hahn-Bannah

Let X be an IR-rector space and p : X-IR sit .

↑ (-<(y) = < ph) +<-c)p() ExgeX and all LeCo,

p convex

Suppose that 1 :Y-1R is liner on a subspace Y *X with JEp over
Y.

The
,

J1 : XtR lineer s.t . (1) 1 1y = 1 Centersian
-

(2) 1 1p on X /mantane boud)

&uf: Let zex1Y
.
Defin ↑ := Span Ez,Y = (IRz)#Y .

3We will define E :+ IR vie Lazy) = a (z) + x(y)
to

preserve linearity .
We wish to pick a value for (2) to maintain

the bord . To that end
,

let y,
YetY and 2

,B30. Then,

2 (y ,
)+ 17(2) = 7(ay, + Byz) = (a+ B) 1( p3 ,

+ -3)
= (+B)x( (y ,

- Bz) + 1(yn+27)
(c+R)p((y ,

-Bz) + E-p(yn+ xz))



↳ ally , -Bz+ Bply

=> -[- p(y - Bz) + x(y)] - +(p(y+xz) - x(yz)] (m)

In particular, JaeR st.

Sup-pl-]py-]L

yzeY

&eie /z) := a.
We WTS Elazy) < plazig) FaelR

, yeY .

Suppose WOLOG that aso. Apph (#) with a=a
, youl to see

~(z) = t [p(y + at) - x(y)) = Y(az+3) = p(at+y)

So
, we can extend by 1 extre dimension without violating -P.

Next, letI be the collection of line extensions of 1 that are

=p on their subspaces of definition. Define a partial order R&ExE

vie (e
.,
227 ER #X, EX and enly

,

= e
, (51 ,

Xe are the subspaces)of definition

Let EaceA[E be lively andered
.

We defie an upper bound via

e: UXatIR ni e(d : = 22(x) VxzXa
LEA

By di of E
,

2 =pl , and so eE
. Clearb

,
Lea

,

CLER VaeA .

So
, every linearly-ordered subset of E has an upper bord.

By Zornis Leave
,

7 max elevant e: x'tIR at . exp or X:

Suppose BWOC XIX; the
,

we could add another divasion to the extension

and violate the merical element property .
So

,
XEX . Thus

, e : X-1R has

exp and ely = 1 .

B

#en: (K-Hahn-Banach)

Let X be a K-rector space and p : X-IR sit .

p(ax + By) = (4(p() + (B)p(y) * xgeX and all C
, BeK u/ kl+ (B) = 1

.

Suppose that 1 : Y -> D is liner on a subspace Y *X with KIEp over
Y.

The
,

71 : X+ &line s .
t . (1) 1 /

y
= 1 (extension

-

(2) /M /1 p on X (mantane bord)

#ef : Apply M-Habe-Barch on Fat with the linear functional l :Fr(x) - I2

vie M(y) := Re(1())
,

1 = 141 p on Y
.

So
,

we get L : Fr(x) + It sit.

Ly =1 and Lep . Define 1: Xz@ via 1(x) : = ((x) - i((ix)
D



Dati
If X is a Barach space ,

we define its dual ** to be theretur
space B(X-K) with the now 1171lop =

supEx)) : Kalle S
xe X

We have see that the deal is a Banch space,

Examples-

① Let ↑ + = 1 with p,at( , %)· We claim (29(t)*= LPCIRY

Take gELP it Ge(Ly
*

via G(f) := Sigf .

By Holder's maralik
, 116(FII _ IIg/p /Iflla =

116110011g
In fact

,
this mp 18-(29)* ture out to be an isoretic isomorphism.

So
, they are the same Bonach space.

Theorem :
-

Let (**)
* denote the double deal. The

,
the map

J: x+ y
**

x +>(x*-]H](x)
is an isometric injection.

Proof : 5 will essetually be the evaluation mp .
We send a point x to the

-

evaluation mas that evaluates a functional at 5 . In math, J sends

x + (i)
AB*, 1()eC

We want to show that 1) 5(x) / /
B(x*- x)

= 1(x1)x
For all xeX

,
xex*,

1 (5(x))(x)) = 13(x)) = 1121100 11 x 11
x

Taking a supremen over all 1** with Kallopi, 11 5(x)/I
op
=llx1Ix

To show the oth dreatives we seek a fuctural 1 s.
t 151/2/1X1Ix for sue xet.

Fix some toEX
,

and defie a liner frctical 1 : ex -> & via dxoltallllx
Clearly,

we have an upper bond
p : X + (0

,
07 via phy : llyli (ive

. Sep on Kxo)·

Applying Hain-Barach
,

we get some 1: Xt@st. 1xo= Holly and

11 1 llop = <p[110y) : /11 = 13 : 1
.

Thus
, 115(:) Klop = (5(x0) (13) = 11 xollx => 115klop = Molly ExoeX .

D
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5. Duality
,

Week Topologie,
e Banach-Aloylu

Di

We
say that

a Banach
space X is reflexive if XEX**, o

equivalently if J(x) = X**

Lemmen :

-

Let X be a Banach
space and YeX a nector subspace.

For
any LeY*, the exists same 1e ** St . VIIllop : Kallop and 11y = 1

.

#of: Retur Pe : X+ [0
,
0) vin x 1xxKillop => Rep over Y.

By Hahn-Baech
,
the is soe 1 : X+ @sit

.

VxzX 11(x)) = p(x) = 11 x1)x((allop = 1111lop = 1141100
Next (Allop = sup 11()) = sup 13(y)) = 11 llop.

11x1)/ 11y((z)
XtX yeY I

Lemma :
-

Let ↓ be Banach
.

Then
,
for all ex

11 x /x = supE(x(x)) : *e** Sot 1131lop : 13
&of : ((xIx = 115()11B(x*- ()

= RHS
.

D

5
.
1 - Weak Topologies

Defi

Let (X
,

11 .1) be Banach
.

We define the week topology on X as the

"initial topology" generated by the collection of maps X*
Let's call it Open()

.

Then, Open() & Open ...
(x)

The
, Open (x) is the smallest topology on X St . X : X- @ is continous

for all 1EX*.

Open (x) is generated by the subboss 31"(U) : UcOpe(e) and xex
*3

So,

UeOpen(x) #U
=UE) forso&

East Ope(C)
,

nae N



Lena:

If X 3 infinite-diacional Banach space
and ReOpen(x)

,

the U↳dei I.-

& let tell .

We find -
,.., Inex

* and 200 St
.

to E (Ba((x) = Exx : -1,(x)(3
4 = Xj(x - Xo)

= Ex+ ExeX : Bi(z)(a)
= xo+ xj(B , (0x))

=> Exo3+ ker(xj)

The
, Ex3 + Kei] &U . Furthe

, VotEx+Aker(s) clearly

Dete 3 : x + ev Vie x it (X , (x), . . .,
4n(x))

=> Km(3)= he(1) .

It cannot be that Ker (3) = 50x3
,

since we would the here an injection
* ↳I"

, controeting infinite dim. So,

= ve(ke() 150 x 3

By liments, YotaveU Fee
.

Sin 11 xothully = (lIlvlk-1olk)
,

we may take k1 large enough that Ivotavlly + -.

B

Elay:

If X is an infinite-dim Banch space,
then Open) is

not metric
-

roof: Suppose DWOC it is
.

The
,
Jd : Xxx = 20

,
0) nature inducing Open().

let U:= ExeX : &(0x
,
** E3 . By hypothesis

,
Une Opena(x) .

By the pecious result
, Fue ExneUn sit . Inll = n.

Since X-
E Ox by selection, the Elixalln is boaded eventually.

KENbhdw(Ox)
,

a tail is contained in U
. For this tails-

↳

ema : D

(X
,
Open(x) is a TVS .

Proof: Use separating serious 11palxi) = (x(x)- 4(y)).~

The
,

the collection EpaBrex is separating: for two points
,

the will be disagreeing

Actionals.Theleastocuteof +ad ,
see puden 1. .



Let xeX1503
.

Then
,
J1e ** St . &(x) 0

.
The

,
72x0 s .

t .

↳ Ox #EX3-1" (Ba/On) ENbLdw(x) .x 1-(B
s (02)

So
, GOx3 is closed in He weak topology.

D

Remark : - When dint = -
,

since this is a normetric TVs
, there are two

-

inequivalent TVS structures.
- This contrests the finite-di case !

"neuerdoftei
i

Lemma :
-

z
X -> # 1(x) & (x) * ex

*

M

5(un)(a) -+ J(x)(x)

In words
,

weak convergene # pointere comegee on As.

Proof : (E) Suppose X-
Ex

.

The
,
EVENbidn()

,
JMrEN sit . naM-EXer-

-

Let 1** and let UENBnd
,
(*(x))

.

The
,

1"Su) Nb (c)
. So

, letting/

V= 1(h)
,

we get Nu=Macul Sit. FuzNu
,

<nell.

(E) Let HENDhar() .
We way find 1

, ...,
&mEX

* and 93O sit.

x + Ex3+ X (B,
(0)) U

.

Pick n lase enough that <j(x)eExi+ Balop) Fi .

X
deck this

ste

D

Pep:

Every weekly convergent sequence is nor-bounded.

Prof: Suppose In X
.
Defe In :=J(xn) ex

**

-

For all Nex*
we from that En & D carrages in I,

and so it is bonded. = 3.
(4)

So
,
for each 1**

pl31(10 Z sup Killop
-

by I-convergener

Since J is an isurety , Sup II/Ixo .

D
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Weak

*

Topology

We had that the Weak topology or X is theinitial topology generated by
XP

Di

The weak-a topology on X
*

is the initial topology generated by
J(X) <X**. That is

,
it is the weakest topology an

*
St. point

evaluations are continuous writ , the functional being evaluated.

Fu Hwk,wekathifX ariftedna

Theorem: (Banach-Alaogh)

Let ** be the dual of a Banach space X and B : = 5 * E **: Hellop-13
The

,

B is weak- compact .

Proof : FxeX
,
define Bx : = Bix(On) & C

.
We know By is compact

-

in K
,

and so by Tychauffy Theorem we how

B := By is compact in the product topology on
IX.

We may think of elements in B as functionals
,

though they are not

necessarily liver. However
,

me know that F(b : X + C)EB,
| b(x)) = 11 xI)

So
,
BEB (i

. e . B = B1(linet)
.

We should first show that
the subspace topology of linear functionals [B and (X*week-*) agree
Note that Open (B) is the inital topology generated by the projection
maps Pr sending bitb(x) .

Since pr (b) = 5(x) (b) and Openweak-
(X*)

is the initial topology generated by the JC's
,

we know that these are

the save topology. Thus, & is also week- compart.

Now
,

we from B is weak- compact
,

and so we must show B is weekt closed.
We will construct a continuous map

whose Kernel is B.



For x,EX and zel
,
defi PgziB-C by

& x yz(b) := b(x +zy) -b(x) - zb(y)

We know Exyz is weak- continuous Since it is a combination

of point evaluations
,

which are week- continues by definition.
Furthmere

,

B = B1 (line) = 1

* 03) =B we

closed

D

6 .

Banach Algebras & Spectral Analysis

Recall that if X 13 a Barch space, then B(X-X)
is a Banach space with Illop .

Also
,

we have a natural multiplicative

structure win composition of liner maps. So
, B(XEX) is a C-algebe

We also had that llABopE/Allop ABIop .

We will define an abstract

notion of Barech spaces that ore K-algebes with submultiplicative now

Detr :
-

A Banach algebre t is a Barch space that is

also a D-algebre for which

① Va
,
bet

, llable = HallellbIIA

② FHEt sit . atMaza Fact and le = 1
.

Pop:

·: Axt-t is continuous

&: llxy-ab11 = (11x 11 + 11a-x11) (lb-yll + 11611a -+1

D

Examples:

① C(50,
1 + e) is a Banch space with the supremen norm

.

With pointwise
multiplication

,

it becomes a (commutative) Barach algebr.



② I
"

with elemetuse multiplection is a commutative Bareah algebra.

③ B(X) is in geneal a non-commitative Banach algebr.
Note that Blet = Matron (1) .

6 . 1 Invertible Elements

Di

An elementxet has a left inverse if Jast sit. ax = 1.
1/ right inverse if Jbet sit Xb = M.

It both exist
,

then X is invertible
, tey ,

and so muses are uique.

We call theaut of invertible elements Gr = G(A).

&mark : What separates this discussion from usual group theory is that we have

topological information via the nom .

-emma:

# xet obeys 11x-11)
,
the xeG(t) and

· x = ( -x [van Neumann series
So important

·1Ix- Il =
I

1 - 11M-x1)

↳ Let

y and Thesimilar gents llyllellyl. .
Dixie

-
O

So, 11Zr-Zell (1-1) (M2M)
,

and so it is Carey.

By completeness, 52 st
. NEr- z in norm .

So
, 1.11

z (H-y) = (1 -3)z = (T-y)y) = Amyu-yun] (T-y*) = 1

So
,
x = z= (1) Next

1) Il =el
D

Eup:

6(t) Open (t) and I : 6(1) -> G(t) is continuous ·



Puf Let at 6(1) .
We chim B(a) G(t)

.

So
,

let eBl
So,

1 a - all all => 1s lla-all . Hall : Ila-)a'll = 111-call
.

By the about lene
,

a G(t)
.

So
, a cil) = 1

night inverse

for

Sintah
,
a = 1 . So

, G(A) = GCA) open

Next, we have the resolvent identity at-b = a (b-a)b so important
= 5-(b -a)a+

So
, lla"-5'll = 115'11 11b-all Ha'll

.

Also
, 116"ll = 116"aa'11 : 116"all I'll

nonce[let ab be such that lla-bllnita > 114-ball t eat 1152)'ll:
=Il a

+ 311 1-111-5"all

=> 115 : Illa'll
,

and so llat-b'll : latIMIla-bl = nese map is contines !

B

6.
2 : Banech-Valued complex functions (Rvdu pg .

82
, Conway pag . 196)

We ask about functure f: +X for a K-Banach space X.

Reall the magic of -differentiability from complex analysis.
We do

a similar thing belor.

Defn :
-

F C +X is K-differetable Cholomorphic) at some zoek if

Com f(zo+z)-f(zd exists (n 11 : (1x)
z- 0 Z

Defi
-

L =f(z)
Y

f KtX is Frechet differentiable at zoEK if JLeB(KAX) site

Im (If (zo +z) -f(z) -Lellx
= 0

z+ 0 (z)

This is equivalent to K differetability .

Defri
-

f KEX is meakly- I-differentiable if Mof : Cte is

holomorphic for all 1eX*

Themen:

If X is a Banach space,
the & diffability and

weak-I-diffiability are equivalent !-

Proof: in Rudn . D-



Integration
* (Rieman integration]

Let fida
,
b) + X

,

when X is a C-Bauch space .

Defin St as follows :

For any partitio P give by a = x ,
<

... <Xn = b
,

defie

supS(f
,

P) = f(x) and w(f
,
P) : = (i-Xj)

Se Ellf(s) -f(+)()]
j= 1

We wat Faso to fid a partitio D st . wIf
,
Pac, sine the we

an proceed as usual.

Importantly
,

iffis continues then it is Rieman-integrable !

Bechner Integral

Check Ruden .

-et. (Contour integral)

Let 5: [a
,
b] -> A be piecewise smooth and f: C + X continuous

·
We define

Sof= S (for) ex
[a

,b]metaIn from

[a
,
b) + X

It turns at that Sof does not depend on
the parameterization of V.

Recall the following fets from complex analysis :

-enma: (ML)

1) Suf1l = (a) Ilf(UHDII) <(2)
*

Carey Itel Formula : (Budi 1 :35)

Let ReOpe(e) be simply- connected
,

f: RtX holorophic
,

V : Ca
,b]+ a simple

CCW contour
,

and zo in the interion of V. The
,

UneNUS03,

f(z)= inzy+
f(u) du

So
, holorophic -> Smoot

.

Carchy's Inequality :

Suppose that f:=X is holomorphic on Brlzo). Then
,

( Ilf(z)()1) fl (z0)/) = Se(2)



6 .3 : The Spectrum

Defi

Give act of a Banch algedne, the spectrum of a Idenoted O(a)) is

o(a) : = 3z + c : (a - z1)(G(t))
We also define :

· the resolvent set & (a) : =() O(a)
· the spectral radius r : A+ 10

,
07 sending a

ItSupI

*Iheren

The spectrum Ola) of some act is a non-empty , compact subset
of C

.

#of: Let act .
We want to show O(a) =Close (1) #Scale Open (C) .

Defe 4 : C +A Sending zHa-z 4
.

The
, U is continuous

Furthermore
, 1(a) = 4

+ (G(t)) is a preinge at an open
set

,

and so

O(a) is closed.

Next we Wis Masallall
.

Let ze D s .
t

. Kallall. Then,

1 = /Ell = 114-(-E1) ,

and so H-EEG(A) = a- z1 = G(t) .

So
,

z O(a) for all Izslall
,

and thate rayellall .

So, OCa)[C is closed and bonded
,

which guests compactness by Heine-Bowel

To see nonemptiness
,

defie the resolvent
mp D : s(a) ->A sending z + (a- z1)

+

If has an open doman
,

and

-&(zo+z)- ((zo) = (a - (20 +z)4)" - (a - zo1)"
=

(a - (20 + z) +)
+ (z- (7 I ((a - z1)+

O o
- z)

Z Z Z

= - Y(z+zd)4(z0)
As zt0

, continuity of 1 guarudes this -> -[PlzoS] and so I is drophic
o Scal . So

,
Jo4 is hotrophic ar scal -1t*

We claim 4 deys as 12150
.

For any lik Hall
,

we know

last tie

11 Y(z)ll = 11 (a - z 1) = 1zt (((E-1)"11 = 121" (1-114-(4- E)ID" : MEDITED et all
As 11 to

,

we see that 114/l +0
.

So
,

112allo : 11 allop Sp14/1 -
Thu

,
Rol is bonded and mecomopli. Suppose BWOL A(a) = C.

By Liorvilley theorem
,

J01 is constant F1 .
However

,
417) = - Ylt" + 0. *

B



↑

Lemma (Fekete) :

If a secure 33.
AIR is subadditive Caneuzantan FrmeN)

,

# lintan exists an equelo inf
nE/N M

Pati HW ! B

Hat
hena (Gelfend's formula) whe aisattata-

Y

MLet act
. The

, linla exists and equals r(al = inflat

&of: Submultiplicativity of 11 . 11
gives that bn = log (1921) is sub additive

,
and so

Fehete's leave gives that the list exists and equels its int.

Now
,

let ze be st. IzIs Hall
.

Then,

4(z) = (a - =1)"-
which carrages uniformly on (Belo) for Rollall

. Thus,
Zi Sm

,

O
↳Brazu-udz ⑳

-

SU(z) zdz = - fo Beco
zv-

+
dz

(Br(o) n=o he may pull out

=-Ziam on by continuing of

scalar mult .

and so

an = - Ylzzd (Rolall
,

me N -303)

Since Scal= CIOCa) contains all Izalall andH is holorophic on scal, we
may

slightly denese the radius to get

=- OsaY(z)dz (R,
nes

Taking the norm and applying M2 lenna,

KI all e Run sup 11 UzII => himsp Karl
=

= r(a)
ze(Br(o)
-

bunded

Conversely, for ze O(a)
,

(zu1-au) = (z1 - a)(z) + + .. + awt) = zO(a) = (z /la

=> r(a) - inf lault

D
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Recall the following usell feets
.

① x = t st
. (x - 11(2) = x + G(t)

,
+

+ = (4-x
,

(x+ 1 = F
② G(A) open (since Binpla) - G(A) FazG(t) and

·

"
: G(A) + G(A) continuous

③ Let beB() .
The

, 116'll =
Il a-'Il

1- lla'Illa-bll

-

a- " = a (b-a)b" = 6 - (b -a) at

- lla"-3'll = Kla-Illa-b11
1 - Ila/Ila-b11

[hearn: (Gelfand-Mazur)

It A1303[GLA)
,

the AEK .

Bef: Let get, 2 FEEK . We cannot have both a - z
,
1 = 0 and

so one of a -zj1 is invetble.
E

a - 74 = 0

I

Sinc OCa +0
,

me find Ola) consists of just one point (thzePsita - z1= 0).

This is the desired mp from + K.
D

Lemme-

Let EXEnEG(A) s. Xnex for sor XeLG(t)
.
The

,
Kill -o.

&f : Suppose Bro that EMCO st . Il fillm for infinitely may
n.

Pickan n sit. IIx'llah and 11x-Xelkto .
The,

1) 1 - xn"x() = 11 xn xn - *x)) = (( xn
: 1) ((xn-x))2/

=> x x G(t) = x G(t)
.

Contradiction!
I



Analyzing spectus of A leads to austing about whether wiggling act will

change Olab by afing amount. We answe this below.

Therem: (Continuity of spectral

Let act
,
MeOpen(e) be sit . OlaeM.

It b is sufficity close to a
,

in particular lla-blic sup IIa-zt'll
# a(b M .

zer

&f: We know the up sending zES(a) to 2 I ll(a-zt)'ll is continue
,

the

the map sending zeM" to z -11k-z1)'ll is the restruction of a

continuous map to a closed set
, it is continuous (it is also bonded).

The
, Yzer"

6 z1 =((smaller then 1 in

nom by assuptr
=>

-
invertible

So
, b-zt is invertible

,
and so olbier .

D

6.U Polynomial Frefined Calculus

Let
p be a polynomial in $(plz) = Cz+... + 2

, z + Co
, CtK, neM).

For an act
,

the is arepping from $12] + A ; it is a K-algebra
morphism (i . e . P, (a)Pula) = (P.Pe)(a))

6.
5 : Holomorphic Functional Calculus

Define exp:+A via exp(a)= Sta
We will show that this limit correges by showing the partial suns are Carey :

1. Star-Stala M
,
N=-

- 6
n= 0

Ended this messing holdsf entire functions Canalytic an all of $.

The next generalization is for f : Brylo -> holorophic, RsO.

Fun complex,

we may with flzt= E (171R) .

We claim that if act andNaicR
,

the fla) converges.

We show it is again Carchy:

M

1. ar-l



The fiel greelization is for funtuns holonaphie on open sets containing
the spectum.

We now work toward this.

Lemma:
-

Let aet
&
Ces(a) ,

el := C\[c] = Open (1) .

Let 8: [st] + 5 be a car simple conform in 1 which

sounds OCa). Then,

# (a-z (zH-a)"dz = (1-2) EneX

& (c=0) We Was Pelzta]dz = 1 . (This is a special over(of "Risst projection"

Let Ballall
,

replace fr by fabulo ,
and appl the van Nervon

for (21-a)"=
=> f & zade-Beco

(z1-a)"dz = SbBr(o) -o

= Ziao = Zu : 1
.

(nt0) We use a recursion fant. Let
yu

: = LHS
.

We clar

(at- a(yn = 31

To
see this

,

note that FzO(A),

(21-a) = (1-a)+ (c -z)(z- a)"(a +-a)t
,

and so

Zu
f

(c-z)(z4- c)
+
dz

- it (a-z da (4-d)" + + (a- z)
+
(74- a)de (14 -a)

= yn + 1
(c1 -2)

+

B

lay:

It R : D-C is a national fration with poles
O(a) She Oper (e)

,

R holorophic on I
,

and V: /s+] +Ez3;Ell, ,

simple contor surroundingOcal in M
,

the
-

R(a)
= R(z)(z1- a)

+

da



Ithorn: (general holo
.
Fuetral calculus

not
necessaril

connected
Let att O(a) &M = Open (C)

,
and f : C +& holomorphic on M.

S

mightreed
Ez

multiple
contros Let j3j : [st] + of be a finate collection of CCW simple contours that

->

together encircle O(a) withinTh
,

i .e.

occ
utEndz = M M

Sj

Define f(a) : =fE(
Uj

Then
, this definition preserves the algebeic propertis ; i ne . this mp from

-

- -1(f : C+ e) # (f:1 ~) is a continuous unital algebe mono morphism
- f(a)g(a) = (1)(a

-
-

9 &

3
injective

- f(c)+g(a) = (Eg)a algeben
- (zH1)(a) = H morphism

- (z1 z)(a) = a

-continues wort. uniform conveyance topology on the

algeben of holomorphic fas.

Therefore if Stren is a sequence at holorophic fas coreging unifierly in
S

compact subsets of 2
,
the fulal Hiyf(a).

Remark: In general, if the poles of a function o don't lie in the spectr of
-

an elevant of A
,

we can giv meany
tof acting on that element.

# (EMD(aT= 1) We have that EHD() : t (a-zD
Note that (a -z1)" (a-z1) = 4 = a(a - zm)"- z(a-z1)" = + = (- z4)" = -
Using the incre [0, OBr(o) for Ra Hall

,
we see that

-
: Sara-

R=x

((zHz)(c) = c) We see that

[HE)( =

- 1 =-d)+
= 1

= a
,

(continuit) The proof would
wee continuity of the spectrum and

a bord on the resolvent now .

for the rests see Ruden.

B



1810-
One conseque of the above is that flaigla) = glad fal, and in

particular that aftal : flu) a

Lemma :

-

Let =1 O(a)CheOpen(C)
,

and fir-C holorophic.-
The
- fleGe Et Oti(flocal

#f : Let Odin (floc). The g
= E is Loo on some EEOpe(r) w &F

.

We know flaig(a) = glasfla) : 1 by the frational calcale
,

and so flabe Go

Now
,
let Oei(floc)

.

Then
,
Jaeocal st . flat= o

. So
,
Shirt sit.

↑(m) = h(x)(1- c) Viet
,

and his holo
.

So
,
fla = hal (a) fleb.

B

Theorem (Spectral Mapping) :

Let act
,
OlazleOpen(e) ,

firte holo .

The
-

o(f(a)) = flo(d)

#of Vze
,

zeolf) fla)-zeGa Oeim(Olceaflu) -z
=> ze in (Quie]itf(x) = f(o(a)) .

B

Remark : The Spectral rapping there now allows us to describe a composition in the
-

functional calculus!

ume:

If act and Ocal does not sports Oc -,

Whe log()et (i .e. Jbet st. explb) =a).

& Defe log:h- & vie a breah out along the give path,
and so it is holorophic.

Apply the fudial calculus.
B



7. Hilbert Space

We
go from Bach spaces met Hillet spaces ,

which are Barech spaces

whose room obeys --law.

Di
A Hilbert space is a C-rector space or sesquilizer from

(.. ) : H2 - C
X *

Klineranti-D-
linear

such that the associated non induces a complete meture.

Let:
We say Y

,
Yett are orthogonal if (4

,
4) = 0

,
also denoted 14.

34 :3 : is artorel if (ii) = Sig = 3) its

i j

&p: DLY z 11411-llzY+ Y1l FzeK.

&of: (E) Ollze+M= PYIR+ 11411 + 2 Re (ze
, 47

.

It 414
,

the 0 1z121411+ 11411?

(E) If estrate holds
,

let z=

-Y E OIIPlzelif YX 4.

D

Pop

ht EEC be closed carex and morptS ↑

E contains a viue! elemet at minium norm.

# Wate dinfIll .

Take a secure ExnEnE st Ill +d i

Coverty of E gives that EntmIEE
,

and so

1 xn +xm/l= m() z(x++)/)224dh
The parallelogm law gives

1n+ talk=IluIR-11xn-full
-

- hd -
hd

es

as n,
m +x n,

m= 0

SoIn-xull + 0 as nuto,

and it is Cavily .

So, JxEE sit. An +x.

By continuity of the non
,
I = d

.
To see minness, Hir i.

B



10/12-
We have played with Banach algebes madded after B(X) with X Barch.

When given the Hilbert structure
,

we are also giveanother piece of structure:

the adjoint :1 + h. The makes to into a C* -algebr ,
we will build to today.

Theorem:

Let MEA be a closed liver subspace. The
-

① Mt is also a closed liner subspace

② M1n+
= 503

③ H =MoMt(a & grading

#of: ①(4·7 is liner => M
+

is a subspace . Also
,

since <4.. 7 continuous (Cauchy . Schnetzs
,

Mt = 1 <4, )"(502) => M
+ closed (this holds even when M isn't closed)

Yem

② Let HeMmt = (4
,
4): 0 = 114112= 0 = y = 0 .

③ Let Hel
. Cleab

,
U-M is cover and closed

,

and so

7. FE(X-M) of min norm .
So

, 54: 4-teM st. 11 &41 is mi

=: 3
Clam 7 .

5

Minnality gives 13112113 + 311 Vaem = gent .

So
,

4 : 4+ g ememt.

B

:

Let West be a liver subspace .
Ele

,

(i)
t

= we

-t&of: WEE W E Wt
.

For the othe direction
,

let relat and Ewabedh correging
to some wet. The

, Sout : /% hm) :
him (v, mi : In 0 = 0.
n+ n 700

D

Pop:

Let Welt be a lew subscr .
The

,

(WH)
+

= E.

# (2) Let wow. The
,

(201 : 0 Fret)= we So
,
went



(2) Write 1) = OE)t= wont
.

Since let closed
,

we may also write

1 = (w +)
+ Wt

.
So

,

it conet be that & W +

D

7 .
1 : Duality in Hibbert Spaces

Themen (Riest Representation)
(4) (H)

7 anti-R-lvem isometre bijection K : 1 + 1+* sending Y it <0, )

#: It's clearly anti-k-linea
.

To sea Borets
,

we was 11k(Villop = 1411.

By definition
, 11k()Ilop

=Sl
Elllll

For the othe directe
,

K(4) (e) = Tell <4,
4) = 11411 = 11411 : 11k(47/l00 .

Now
, we know all line isonates are injective. For surjectivity ,

let 11*
If T = 0

,
the ICH = (0

, 4) F4
.

So
, suppose 10.

.
Since I is continues,

N:= ke(x)= 14 is a closed liver subspace. Wate H: NGN+ and let JEN503.
For all Melt we see [CX4)3-(374]EN .

Since yert, we see

0= (b
, (24)3 - (x3)4) = (4)113/- (3)(3

,
4) = A4= (3 , 4) .

So
,

a = (3) .

B

This exhibits a -lines isometric bijection from *(1) + BCT+*) sendy
A + kAkt

-

adjoint

Alternatively, we can cherective A by is matrix elements.

Pop:

It AcB(17) and (4
,
A4) = 0 FHEH, A = 0

.

&of: We have (4+ 4
,

A(Y++) = 0 = <4
,

A4) + <4
,
AY) = 0

.

Setting U= : Y
,

-i < H
,
A4) +: (4

, AR) = 0
.

Togethe, the above equations imply <4
,
A4) = 0 FY,

4.

Tating Y =A4
,

lIAMIR= 0 X4 - A -0
.

B

y: It A
,
BEBCH) St

.
<4

,
A4) = <4

,
BUY FY

,
the A-B.



Theorem:

It f : It-> & is a banded
,

sesquiliner map sit.

S : = sup 91f(u, 4)1320114(1 = 11411 = 1

# JFEB(ft) st
. A(4

,
4) = <Fu

, 4) FU
,
YeHt . Furtherns II Fllop = S

.

#of If(y
,
7) < S114111411

.

So
,
f(4,) H

* with 11f(r,Klop IS/IVI1 FY
.

By Reso Eyel st
. (, ) = f (D

,

%)
·

Call 3 =: fe = k
+(f(u,7) .

So
,
F : Hz 1 is k-linear and bonded with IIFllopES.

Alo
, If(4

,
4)) = / (Fr, 471 FYI 11411 allFlop 11411 11411 = Selflo

B

Now
,
for

an
AcBCH)

,
we may defe f (4

, 4) = <4
,
A4) as a banded,

sesquilier up or SillAllop . By the above, we get sure FERCut) sit.

(4
,
A4) = (F(

, 4) F4
,
Yet.

Defi the adjoint of A to be At= F
.

We have exhibited an anti-C-line
,

isoretive involution : BCH) + B(+) S.
t

.

① (A+B)
+

= A+
+B * ②(A)*= 2A* ③ (AB)* = B

*
A
* (A*)

*
= A

We call Bach algebes with an anti-D-linea involution * - algebras.
There is are more piece of structur

.

#arm: (the C-e identity)

It Att (17)
,

the 11AIR = 11 A*All .

-

=: /AI2

Pf: llAYIR = (AY
,
AR) =< 4

,
1ARD) : 11YIN11 ARII

But also 11/API = llA*All = 11 A *11 KIAIl = 11 AIR?
B

This leads us to the following devitor.

# A Ce-algebra is a Bach alabe or an anti-D-lier involution obying
the C-+ identity Kall= Ilafall

.



⑭24

The additional structure of a C-e-algebr allows for a continuous
functional calculus

,
which is the direction we are moving toward.

7. 2 : Kamels and Images

Pop:

Ker(A*) = im(A)t and Ker(A) = in (A*)
+

R: A* Y = 0 E (0
,

A+ 4) = 0 F4 E (A4
, 4) =0 EY Neim(Ast

Since A***A
, the othe holds

.

D

up:

ke (A) = Ker/IAAR
= A*A

& Yeker(A) AY = 0 = A*
AY = 0 = Yeke(lAit

& EkeClAR) AFAY=0 = (4
,

APAU) = 0 = (AY
,
Al) = 0

=> llA11= 0 = Reker(A)

B

& (C-e-algebe stuff)

acth is positive iff Jbet s .
t . a = 1612.

at is self-adjoint ift a = a *

a et is normal iff lakla+ [a
,

a+] = 0

pet i idempotent iff p2= p.

pet is an orthogonal projection iff pep*
= p.

not is untary if luR:lua = D.

Prop :

①
-

In a Cre-agbe,
aet is positive ift atat and Ocal [10,

0

② AcB(7) is positive if the map YH(4
,
Al) is positive (i.e. (4

,
A4)20 FC)

.

Prop :
-

Q a self-adjoint => O(a) IIR ② pet idemputat = o(p)230, 13

③ U unitey => Onl I $

Profsi HW !

B



-

Lemma :
-

o(1112)
The following are equielt: (

(1) im (A) e Closed (1+) (2) OfOCIAR) or O 13

an isolated point of OCIAN

(3) 7:0 St . KAUIIEDY11
- Yeke-(A) +

closed ,

and so

bijeste Hilbert spaces

↓ Y X

Pof: (1) =(3) Defin :Ken(A)+ + im (A) sending 4 I A4. The, IIIIIIAll.

By theiusse mapping ther
,

At is bouded = Jas0 st .

11t "ell = Cell FYein(A) .

Let Yeker(Alt = 11411zcllAYIl
.

Let sit.

(3) = (1) Take &3. [im(A) correying
to Yett . It 400 we are doe; so

, suppose U10.

-EnBnH St. Asn = In
.

If we take a subseque of Ss
.
3

-
not in theKevel,

↑

yarchy Slight
mrg .

need
1l 3. - 3all = IIAB-3n)ll= 114n-Bull to project

So
, Es

.
32 is Carely and carrages to some 3EH. Then,

A 3 = A/5) = GAs = 1 by 13)
.

So
,
YeinA.

(2) <(3) We know KerA = herlAR and IARIO ·

(2) gives Jaso

s.
t

. 1AR11 over helf)t
,

i . e . IAF-2110 one ke()+

# (4
, CAR-2474710 FYeKeCAlt CE llA4IReelITIE E (3)

.

D

7. 3: Bases

Kop: (Pythagores

If S4
:3: ECt is othnormal

,
the 114112Ke, + 114-24:,

474: /12 UCH
.

↓of De P:= Th P= dee .

To a depotin
Sij
-

p**
Now

,
11 4I= 11(P+ (110)MIR = 11PYIP + 110

+4/12 + 2 ReS=: pt

= <4
,

(P - py4) = 0

Detr: D

Let EEn3
n
-Closed /F1) Be a sequence

of closed resture subspaces. The

H= En EntEn EE ad (E) = H-



Lemi

Let S43
:
Ect be mutually othgal with ii.

The
, U :

exists and I 2

&: By essuption
, E4iBn is Carey · The second part follows by continuing

of the norm.

B

Theorem:

If EE3
n
-Closed (11) is a sea of rector subspaces St.

H = E
, the

Flet
,

D
:Im and 11415= /IPE.

4112

#: 1141 Pl Fr
,

so apply the above lena to see that Pl 5 .

By parner arthogonality, (4-P4) En Ym11
.

As nto
, (p-PE) En Enew = (p-Pen) L Since H= Em

.

D

Di contains all other

orthogonal sets

↓

An orthogonal basis ofIt is a -timal arthogonal set.

Rapi

Every Hilbet space It contains an orthogonal basis.

Pati HW ! B

ep:

If Eacet is a othonoal bos
,

the FHEC
,

4 = &(4c
,
4)%a and 1141E@14,

471
& A

Preet: Uncountable case is in Reed Sma
-
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We call the isomoplisn in the category of Hilbert spaces to be unitary.
These are live bijections that presere the inner product.

Di

A metre space / is separable At the exists a countable duse subset.

Theorem :
-

A Hilbet space It is separable # it has aecutable OUB

#of (E) Let S4nY
,

be a countest OnB
. Any Yett my

be approxited
as a finite liner combination with national coefficients

.
So

,
the set

& el : P
:Sant , like

, an rately o
is countable andduse.

(E) Let 54
.3n be contable and dase

. We my
reduce it to a countable,

limerly indpedant
,
duse set. Apply Gram-Schmidt

.

D

Remark : If the basis has finely many elements
, say n

,
the HER".

-

If the basis is infinitely countable
,

then HElN+ () = De

The unitary mp 4 + ((4, 4)
, <42,

4)
, ... )

realizes this relation
.

It's square sunnable since 1141120.
To see it presses the me product, we observe

(U4
, UKhee : En).

(UK)
:

= & (4
,

%
.7 <2

,
4)

= (4,
.

3) = (4
,
4)

= M



Det:

· BEX is a Hanel basis if FYEX
,

Vedibj for some new
, astk

, bi eB.

* Any D-dim Banach space has only Encountable Hamel bases.

· BEX is a Schander basis if FYEX
,

Y=Edibi for some 2: C
,

b, eB.

7 .
7 : Direct Suns & Tensor Products

Di

Oven a sequre of Hilbert spaces EHn3
,
define

H : = G(x) : xnete Frew and llll0]
to be the direct su. On It we define the ine product

[x
,3) := (xn

, zente

Epi

H B complete.

&roof :

Let Exebee be Cardy in H
. The

,
FacO ENGEN st . FK

,
LaNa

& IIxe- = Stealth Ike-talke a

So
,

new we know Excele is Carey = Fynette st
. One - ye.

Define
y: = (y, 32 .

...). Then,

1) xe-y( = -2 net)I
Fator on

counting mesue

continui T o Ine-Kallimmt & II kne-talete =Mu-of - ke0 new

II.117tn

Thison be mede arbiturty swell because Carey, and so xe + y.

Also, So
of tho squa See

ete
B

Ilglk = &llyn-ke+Keltn = &Cllyn-well + Ilkell)co
&

and So yet B



Kenne:

If A
,
B are two disjoints countable sets

,

the E(AWB) = &(A)@RYBY

#f EeBitAWB is an OwB for LHS (the Knowle delta boss)
. They map

to

(ei
, 0) on (0

,
e :) if it or it i

, respectivel.
D

Defi
-

Let #
.. 12 be Hilbet spaces .

Defin the nector space

# : = H,1 = 34 : Yeseof; whe eit bases of H
,

and e3
Defi ↳ e

. ofj , en fel : Lei
,en

,

(fi,flate and exted linerly.

This mas no be complete
,

so let I : = completion of # wart. 27
Wa call 1 the Hilbert thor product.

O
in

two

so,

etFe(r)e()
-

~lots

Lemma:
24 ID

↓ particlenis
in

Let A B be two countable sets. The
,
l(AxB) = LYA) @R(B)

&of : Map &(a) It la ly.

D

Def:
-

Given a Hilbert space It
,

we can form the Fock space F(T) via

F(7) := H* whe 100= C .

Wa think of F(F) as the space to descide having countably many particles. ·theyoa
There se two important subspaces 1 .

1
Ho is

Conte I H,
012

① Exterior algebr 17 : HVV
,

whe Hr= He ...
It

As an example ECADEA)FE(AY) C- ↑ being atsyuctie means

↑(a,)= - P(,a)
.

This describes the space of idential fermions
.

② Symmetra subspace same thing, but not antisymetric



9: Bounded Operators on
Hilbet Spaces

Weak & strong topologies on B(+)

Di

The strong operator topology is the initial topology generated by all maps

Ep : B(1+) + 14 sending AHAY
,
Yet

In words
,

this is the meakest topology st . point evaluation is continues.

↓

Leave : An A stragy if An4 -A4 Frett

Di

The weak operator topology is the initial topology generated by all maps

Eep :B(11) + I sending *# (4
,
14)

,
4

,

41

In words
,

this is the meakest topology st . the inver product is continuous.

w

Kenne: An A weakly ift (4
,
A. Th + <4

, A4+
in $80

,
Yett-

in
the

Berech
sense

Remark: We still have theweek topology : the united topology geneeted
by (BC)

*
The Exy's are ind E(B(7), but not all

-

continues line freticals can be written this may.

-Lin: submultiplating C.

S.

of norm
↓

↓
-Nom convergene => Strang op comegee -> week op comeges

Uniform nurm poituge weak pointingen

Let's look at some examples where the correse is false !



Prop:

Tale (CN) and defin Pj := ejej* to be the orthogonal projections.
The

,
P
j
to strongly but not in now

& II(Pj-0)YIEIP; YIE /YR +O ENER(e) .

So
, strong .

Howeve, IIPj-Oll = IIP; /1 = 1
.

D

1431-

&

Mak: We have that (4 ,
Ov4) = (4

,
u) (v, 4) definitionally.

Let's see a contemple to the correse of strong - weak !

Pupi

Take 13(N) and define the wilted right shift operator

& (4
, n

,
. . := 10

,
4
, 42 , .. ) FeR(ON]

Defined
on the position basis

, Rejects· Deve An := R2 to be shifts by 1.

The Anto well
, but not strongly.

# Ke,
(An-d4)) = (

,
M = I (r) = Pre

c[(
*
-

-> 0

So
,

An EO weekly.

Home, llAntI=R:=I = I=

So
, An O stragh

B

Note that BL1TEHOH* Each element of C*
is <v.. ) by Rest.

The simple tesos in He*
ar the Ver sanding mot (v

, 2) u



Reall in the for setting that we use matix elements to represent operatos.

M E(ei
, Mej), an M

= Mee

We ask whe does the same statement hold.

Prop:

IfIt has ONB 543 and AEBCT)
,
the

A = slim * (4
,
AYm) Y

. 04
*

N =x

↑
"strong limit" Su

↳ 1I(A-5141= 14
,
(A-se)47)

2

Each C ,A-SS

= teet
Sin Ys1

, ...,
v3()

ifjo = (e;, AY) -(4;, Atm)CY-

- [(9
,Aln)Ym

,

4) - (4
,
AYm)(4n

,
4)

m=

E= n [4i , Anh 34m
,
4)

if joN = (4j
,
AY)

So
, II(A-2141=,Amen, 43+ ,

14,
1431
-

-> o
to by C, S.

9.3 : Spectr of Elements in BC7D :

BCT) is still a Barch algeben,
and so we

have the usual stuff.

o(A) = 31K : (A-11) is no invetible3
There is much more

to do.



Det: (point spectrum) the is when A-AD fails to be injective! eigarchus !

Op(A) := E1K : ker (A -+1) + 5033
&Cop(a) JYeC\E03 s .

t
. C-1DU = 0 AY= AY

.

# (continuous spection) this is when A-14 fails to be surjective (but it's close) !

& (A) : = &C : Ker(A - 11) = 303 yet in (A -11) = HS & im (A - -1) +1
S 3

& <residual spectrum) the rest

Or(t) : = o(A)) (op(a) vo
,
(A)

& O(A) Et A-11 is injective but not surjecte an n(A-44) # H
.

Pictures A for CF-algeber information
,

- check the following K-theory books :

Op(A) (A) Or(A) - Rondam-Larsen
- Murphy

- C

H Hamilton of bornd states are square-sunreble
hydagen atom scattering/unbond states

eigenwahres
L 71111

bound states

unbond aren't
sque surmable

V

Laplein -22 an L(I) Un
with eigenectors X eike with eigaele ?

2

0
.( -(2) = 0(27) = 10

,
0)

(-2)Yn = k 4k

Example : (multiplation operators)
-

Let H = l(N)
,

and At be a multiplication openter

(AY)n = f()4n

The
, Op(A) = Sf(n) : neN3 and o(ATTA)

Conside the setting fil-t . The
,

te (A) En.



Size the spectr is cloud
,

OCOCA)
.

Wher is it?

#an: 00c(A)

We know that there is an "incese" (A4) = n4
,

but it is NOT bonded
.

So
,

A is not invatble in BC1).

Example: (position openter)

Let H = (2(50
,
B -> 1) and X be defied by (Y)(*) = + 4(x) ExeCo

,
13

.

Since x is on carpet doman
,

we want ruin integrability or boundedness.
So

, XeR(H)
.

Here
,

o(x) = 0
, (x) = [0

,
1]

The eigenvectors are Dive deltas
,

which aren't in it ! Once again ,
eigenesters lying

outside It causes eiganales in the continues spectre.

11/2-
-

For fu
,

we will next consider the adjoint of a shift operator.

Expe
H= e(N) (R4):= &Y n > B milateral right

n = 1 shift
Thes

,
& (4

,, 42, . . .
) = (0

,
4

,,
42

,
...)

To see R*,

(4
,

R*4) = (RY,
4)= = Y+

= <4
,
24)

wher L (4,,
4n

, . . .) = (4c
, Yz, . . .
) .

So
,

R*L
.

Thus
, IRK= R

*

R = 1
, yet IR*R= RR

*
= 1 - S

, 03 ,

*

& is not unitey. The above shows it's a partial isonety.



Rup :

If xEK and AEECH)
,
the
-

① Or(A*) = At Op(A)

② = Op(a) = J= (At) VOp(A*)

& O Let TEO (A*) /A*-E1) is proper subset of it

E) (im (A*
- (1))

+
= 303

(u)t= w
+

# (im(A *
- [N))

+ Eke(A - >1)

So
, A-11 is not injecte.

& For the revese
, we could have that eithe JEOr(A*)

or A
*
- It isn't injective .

B

Theorem :

# act in a C-algebra has a=a
.
# OCa) [IR

.

Pof: see below : D

Theorem : (perpedicler zigenspaces of self-adjoint operators)-

If A = A
*EB(T) the OCA) = 0 and if X

,MeOp(A)
with <U,

then Ker(A-14)1 Ke (A-uM).

&f: Suppose &EO(A). The & tO(A*) = Teop(A) .

Sine A = A*
= Mettl

,
we see xEPp(A) nOr(A) .

Howe
,

these are disjoint. *

Now
,

let AY = 14
,

Al-ul with 1 m . Suppose WOLOG that X0.

The ,

(4
,
4)= (24,

4) = E (A4, 4) = (4
,
AY) = E (4,

4)

Eithe M/F = 1 =>
M = z = X

,

which cannot be
,

or (4
,
47 = 0.

B



More about C*
-algobers

In the below
, A is a CP-algebr (ie. Mallllatall = 11 laRII)

Definet is

· normal Et lalElaM E> [a
,

a
*] = 0

· self-adjoint #T a
t

= a

positive # 220 # Jbet st. a = 1612
-

·

unitary 27 la= la# 12 = 4

isonety El laF= H

co-morety f 1 aR= 1

· idempotent El
a = a

· orthogad projection (or self-adjoint projection) # a
*

= a= a

· partial isomety # lak is an idempotat Cartaataly a S
.
a . proj)

P: a = 0 # lak = 0

a*-identity

Proof : (E) duh. (E) /1 la /= 0 => IIaIE= O = a = 0
.

-

T

partie Lemme : a B a partial isometryEa is a partial isonety.
-

iso
! For such elements

,

(1) (2)
a = aa

*
a = aa

+
aa

*
a = (a+ alat

If we write pilat, a= la+, the

a =

ap = qa

# c) I (1-1a*] al = [C-1a+1)aJ
* [(1 - (ap()a) = a

* (n- (a+(2)a
= a

* (1+ (a+ )" -2(at)a = ata -Za*
a

*
a + atta*

a

= lal"- 2lak + lak = O

=> (1 - (a+ (2)a= 0

Su, (nat)a = (a+ a = (4 -( )a = a

To see last is idempott
,

lat" = Za
*

= ga+= lat => at partial iscety .

a

(2) (acta)a+ a = aa
+

c =a by (1).

D

Remark : In Blut)
,

we thinkaf the partial iso .
A as mapping-

im 1AR-> in 1ARP



Sj Lop #Pop
and po the Ill.

DI

unites
! K:

It not is unity ,

the Hull = 1 and O(u) a $1
.

# llull = 1 from C
*

IdentitySuppoTh
as

u is invetible

Sie ( .)" is holomorphic, the spectal mapping there gives

↑ colu) = 0(ut) = a) => to(n)
.

So
, since ~ (n) - Inll = 1

,
we see

12) and 15:1 .
Thus

,
11 = 1

.

D

set
If a= a*, the rhal = Hall.

: Kalle
.

llapall = 11:11 => Hall" = Hall Fred

So
, by Gelfend

,
r(a) =h Klavl

*
= InKalll

n = x

D

vollay

There is a we norm on a C*

algebra.

#of : IlaIE= IllaRll = r(laR) is independent of the nam !

D

Haim:

If the now obeys Hall IIIa/1 Fa
,
then it obeys C* id.

Puf: NW ! D



Theorem :

# act in a C-algebra has a=a
.
# OCa) [IR

.

&: Note that ziteit is entire
,

and so by the "entire

functional calculus",

ein
We wis eis is unitey ; namey that (eis)

*
=e-ic

X

(eic)
+

=(a=
X

=> ( . 1*: A +A

is continuous

So, eic is unitary ! eine-in = e-ei = 1 by honomaphen of
functional calculus

. By the unitey prop, O(eia - $

Let zeola) .
The, citcoleia) by spectral mapping thoem.

Thus, leit = 1 => JER
.

B

Back to BCT) : polar decomposition

polam
We seek a decomposition analogous to z =eitzl and in1R" :

SuD A =Wev
*

= (WV*)V
positiveT ↑ positive

unty

& infinite-divasional It
, we

will see that for
my AcBCF

we will have
A = UIAI = UTAR = UVA*A for some portal isonety U

.

If we require Kart-hell , then U is unique !

17-
parties! Lee

UEB(t) is a partial isonety E U is an isonety on Ka(u)t
(i. e . (IUP11 = 11411 FYeker(ui+)

* (E) Assure 141 is idempotat => 14# is also idempotent
.

Since Ker(U) = Ker (14) .

So
, if Yeker(r)+ the by decap of It,

↑ Ein (lui) , 1UR4= 4 = 11441 = (44
,

44) = (4
,

1454) = 11415.

projection



(E) For Teker(uit
·

11 (1-1ui)PIR = <4
,
11-1MP4) = <4

,
6-141)47

= 11 NIR-11441 = 0
.

So
,
IUE= H

our he(ait.
B

So
, we see that

U is partil iso. => H = Ka(u)@ke(n) = in (h) @im(h)+

since in (4) is closed (can be seen from isonety condition).

Thus
,

: Ke(h) + in (u) sending NAUY is unitary

DFFU
is a partial isoety

,
we say

Ker(U) = initial space in (4) = final space

The
,

1413 B a S . a . proj anto the initial space, and

14x, final Space .

tea: (Savare root lennel

If A20 then 71 B20 s.

t. BEA and [B
,
A] = 0.

& Note that if OCOCA) the we can apply the

holomorphic fretired calculus. In the gened case
,

we could

use the contines functional calcules
.

We do it different.

Let B
,
20pz4Nz =(=(e .

It the t
this converges absolutely on B

,(O) .

3 ExeA, 11/11E FX is defined vie the seres in the

norm
limit . So

,
let x : = 1- Fall = 1x112/

&

=> Ja = Wall (1-2) (x-in)))
o D



empty space
i

Theorem /Polar Decomp)
*

Let AEE(17)
. The

,
71 partial isonety U st -

·Ker (2) = Ker(A) and A = UIAI =U*A

Moreove
,

im (U) =A)
.

Wormup !: Suppose first that A is invetible
. Then

,
IAI is also invertible

-

an letting U : = AIAI
,

A= UIAI
.

We see
Furctible

(UR = CAIAl)* AIAl" = CAM
*

IAPIAl" = 4 => U partial no

=() Alt)" = 1A1-

All invertible patial iso's are unity. So
,

A invetible => U = AIAT unitary



&k: Wenight try to decepoce U : KeCutekelus -> i(h) @i(h) -
let u : Kelhitzimia) be vtay

,
and relate U = Soy for some

V: Ke(h) + in Chit Cary editing on this space wait affect the polar decomp
size Kenks = Ker(A))

.
Howeve

,
in the full generality there might neve be an

isomorphise V : Ku(h)tinlu)t since they my
have diffect dins

.

So
,

we

can't cheet and make U unity.

Proof: Defen U:mCIAD - in/A) by 1AIHA4.

To see the is well-defied,
-

Let 1AI : /AI4; we WAS Al : AY.
We have

1) A4-AY11 = 1ACK-4711 ELIAICY-PI/l = 0

where (d) holds since llAUIR = <V, LANC) SAI112) = 111A1211

So
,

um is a well-defined isonety.

Now
, exted to mmmCAD)+ As (also an iso

.
)

.

To do so,

let PETAD
.

The
,
J54h

.
& It st.

1AIY
.

+ 4
.

So
,

:= A ent

exists sine

1 A (Un - Um))l = 11 (A) (Yn-Un)// + 0

as 1A/4n courages

-t ~

Now, H = HAD O imClAl -
So
,

we ma exted U to

a partial iso .

U : H + A) by setting U = 0 on FTAD
+

(=)
=

= 1:
+

-Hence
,
Ker(h) = (mCIAD

+ = imClAD+ = Ker(1A1) = Ker(lAl) = Ker(IAR) = Ker(A)

To show viqueness
,

let A-LP for petul iso W and P2 O. In order for
Wis initial space to be in (P) , the

Po
= P s.

a.

IAF= A
*A = PWTWP = PIrAu Al-p

So
,
UIAl = WIAl = U and W agree on their initel spaces in (IAD

.

Since U = W = O elsenbe
,

we have hehr.

D

9.8 Compact Operators

Intuitively
,

the comput operature are the norm-closure of the finte metrices
embedded in 1. We make this rigorous



# (finite rank)

We
say AcB(H) is of finite rank ift dim(im(A) < 0.

EintAl = Span un
:
noth

Popi
A is of fite nark iff A=

↓

whe N= dilini))
,
ae(0

,
)

,
and EY3n

,
StrB are

-

ONB's
. singular values of A,

i .e. eigentles of IA)

#of : (E) Let Nidim(im/A)) <=> im(A) is closed => H = in (A) im /Alt
= Ker(Altotr(A)

So, * KerlAst +> in (A) is an reomoplise (fintendo line
up ve trini Karrell.

Thus
,
dim(Kr/A) = Nax. So I is just sure square matrix.

Do SVD an that and complete the ONB's to finish.

(E) Duh.

D

Examples:

& Furrect, nou
*

is a rank-l openta with (nu*(4) = (v
, 4) u

② I isn't frite mark if drit =.
. In feet

, anything invertible isn't fint rank.

So
, exp(-X2) on l(N) is also not finite rank.

& (Compact operator)

We
say AEBLAD is compact iff IIA-Aullet +O

,
where SAnEn is

a sequence of finite mank operators. In particular, we can always write

A = In 4

Tr

We denote by K(T) the set of corpect opentas on H.

Lemma : E is Barach-

space
↓

Far AEE(E)
,

the following are equivalent :

(a) A = k(E)



(b) For
any

bonded sequence 54.3
-

-E
,

&AYn3
+

contains a

convergent subsequence.

(C) For
any

bonded BEE
,
#B) is a compact subset of E.

* Ca = c) Suppose ArlimAn
,

An finite rank
. Fint mank ops obey (d

-

bAnn,

# So
,
all we must show is that property (a) is closed under

norm limits
.

↓

Lemma : (C) is closed under norm limits (An + A)
.

#  ofof lene: Let 200 .

Leta lage enough thatllAn-AllaETBI
-

obeys So I
So

,
FYEB =) m s .

t
. llAnt-Antill=

=> llA4; -A411 =llAY; -AnTill + 11 An4j-AnY1l + 11An4-A411

1 + = + = = E

Thus, Use thes to cover

#B) Ba(AT;) any come of FB.

So
,

A satisfies (c).

(CEC) Suppose B banded => ATB) compact . So
,

NTA) B separable .

Thus
, JONB Yejbj of ITAS

.

Define Pn := orthogonal proj outo Se
So

,
Put is a manken operator. Define Ani= PA .

We know An-A strongly ,

but (2 will let us upgude to nom

convergece .
Let 200

.
Then

,

J4
, ..,

Yo in unit ball sit. B (A4
So

,

Y in unit ball 75 s .
t

. llA4-A4i11<5 .

Then
, 1) (A -An) 4/1 = 11 A4-A4

;11 + 11 A4; -An 4511 + 110n (A45 -143/1

- ↓ max ↳ Es IIPn/l =
j =,, ...

↳ E

Sine the n st
. MllAt-Antilla (greated by strong carr.]

is unifor in 4
. An A in norm

.

D



compact
Therem: AcouaBA , ABBEBlut

&

KCTt) is a closed
,

two-sided--ideal of B(1+).

Proof : Closure follows since (c) from above is presened under norm limits.
-

A c K(1t) = APERGt) follows from the feet that :B(H)-> B(1+)

is norm-continuous ·

BA = Im BAs
Now, by boundedess of BEEK, A: An

n+0

Since And, BAn are fine-week, we're done.
AB = ein An B

n7x

B

Pai
A multiplication operator in a ONB Sensn is compact
if and only if Cen

,
Aer)o as n to.

⑭ We kar A: e
,
Aetee* strongly

(E) Suppose (en,te) + 0. Dete An: en
,
All exe

An is bonded and finite-rank, and

somethingaboa spectrum?
↓ no

llA-Awll = sup Ken ,
Ae .)) +O by assuption.n >N

(=) Suprase BrO2 Cen
,
AeL#O => F Enj3; subserve Sit Kenj , Aerily a .

Since Eenj3j is bonded see, EAe- ;35 has a coneget subsequence

by (b)
.

Since Seni; +O weakly,
J a subsece of EAenj3 j

which

-> O in morm . They contradicts <enj ,Anjh<
B

Example: ItSeBn is an ONB and AEECt)
,
the

A= Cen
,
ten) encen

*
converges strongh

,

n = 1
,
m = 1

and each partial sun is finite-rent.

Foren:

Let AcK(H) and let S43nEff be st . Y
.
- & weekly .

The AD + Al in norm.
-

Pf: Hur : B



* I earn: (Riesz-Schaude)

Let AtK(AD
.

Then
,

① OECIA)
,

and so A isn't invetible

& O(A) is a discrete set whose only possible limit

point is 0.

③ Esso
, (OCA)(Ba(O) -

& OA) = OpCA)u303 ,

and so Ken(a-ri) + 3033 + o

dim Ker(A-11) 10

&f: Eventually
,

oncer we get Fredholm. There are proats in Rudn and Reedy Simon

D

Fredholm Operators

Di

① dinkerto -
almost injective

AcB(1) is Fredholm iff ② dim Ker A*
20

almost

⑤ in (A) E Closed (11)34 surjective

The opposite of finitermark ops are investible (explores I fully)
This is too restrictive

,
and so Fredhole ops are most invertible.

Ei

The cokernel of A is coke(A) := 1) im (A)

#: dim coker(A) -x t dmke/A*)10 E Coke(A) = Ke-(A*)
i (A) Closed (1)

Theorem : (Atkinson)
The Tparametrix"-

↓

A is Fredholm # JB s .
t

. AB-1
,
BA-1 are both compact .

Proof : If we have time
, god willing i D

-



and so is -11 if 10. So
,

A compact&: 1isFedhol
,

is Fedhol
, giving Riesz-Schander (h)-

#Y

Spectral Theorem for B(H)

Recall our conditions on when we may apply the fruational calcules.

*For A a Bach algebra
,
flaiet fact if

↓ is holorophic on a rbld of OCa) .

(red) F B ,
if AEBA i

,

th fEC
all A bonded and measurable.

We will start with the they for self-adjoints. Note that
any ABC

may be written as the sun of two self-adjoints

A = Re3A3 + :InSA3 = z(A+AR) +it*)
-

=: Re&A3 =: In EA3

When A is normal they convente
,

and the spectral theory is inherited.

So
, we proceed withA selfradjoint.

Henglotz-Pick-Nevenlinna-R Functions

Let It= Eze : In 573303 be the open upser half-plane.

Deni
A map fiCt+ It is Herglotz if it is holozophic.

&mark: E restricting to open unit disk via conformal maps =

EX . zH c+dz for d30
,
CAR-zHzY

,
Paral w appropriate branch

· It log(z) W appropriate branch Mobius transform : for [ed] M
C+dz

with M
*
5 = 5 =: [b]

(such as zH-E)



Pop: If
min are Heglott , then men and mon are as well

.

Raf: Duh . B

&: (Resolvent Fr .
is Herglotz)

It A =A* EB(17) and Delt
,

then fie+
+ & " give by

2 It <Y
,
(A-z1)y] is Herglotz.

&: Since OCA)EIR
,

the ItEB1a) and f holo
, as

#-f(z) = (4,
(A-1+)4) - (

,
(A - =1)"4) (4

, (A-1mi) (*)(A -++5/2)
z

(Y
,

(A- z1)
-

4)

Next
, Im 3 f(z)3 = In 3(4

,
CA- z17

+ 423

= E: ((4,
(A-zn)"e) - Ce

,
A-z1

+x))
= (Ce

,
(A-z"e)- 24

, CEN4]
resohnt
datin = <Y

,
(A-z1)" (z-E) (A- zn) 4)

= In Sz3 < Y
,
(A -z1)"(A -=1)x)

- Feb 11(A-z1) yll2-
> > since A-z1 is investible !

B

Theorem: (Representation Themen for Herglotz Functions

Let f:*-> It be Heglotz. Then, J ! Me Boel measure on IR

such that

① She i drok) no

Boel-Stieljes Transform

-

&② f(z) = a + ba + Se( -)dm(x) VzeCt

where a := ReEflily and b:= enfin) exists and is 10

Proof: Look it up i D
-



Theoen: (Representation There for Special Kind of Heglotz fus)

Let f: C++ c
+ be Heglotz sit . If(z)= Fzeet

Then
,

71 Boel measure Me on IR s .
t.

① u(IR) = M

② f(z) = Startedmalz Azeet ↑ is Baal transform)( ofM

#of shetch : Recall "approximations

Ke : 1 hidutt"UrPoison e
a

We mollity with Ke to get a approxications of me via

Mall-o, 2)) = 9 In Efletiadi
Show that

Me
*

Me· Uniqueness follows separately .

D

abs .

cont singular
↓

B: Differtation of Me writ
. Lebesque gives Mc + Ms =Ma

It tors out we can recover these win the boundary
values of !

Spectral Measures (the Herglotz way

:

For any A= A
*
EB(+) and Yelt there is a Bonel

measure MA
,
Y

called the spectral measure of (A
, 4) obeying

& (4
,
(a-z1)d) = Saenz dray(a) Fzeet

② May
(IR) = 114112 (so 11411 = 1 => Mast is a prob. wees .)

Remark : FUEH and A =A*B(H)
, spt(man) CO(A)

-

Through polarization, for any ZEEC) we may wate

(4
,
z4)= (i,z(



Pfi

For any A= A
*EB(17) and 44elf there is a complex-valued

S

Borel measur MA
,
4

,
4

called the spectral measure of (A
, 4

,
4) give by

May, 4
= t (May

+ 4

-

Ma
, y-y

- "
May y

+"My- 4)
satisfying (4

,
(a-z1)"4) = Stem z dray

,
4/1) Fzeet

Bounded & Measurable Functional Calculus

* #

Let F : IR-C be bonded and measurable .
Let A =APER(17)

.

For all 4
,
Yett

,
defin

(4
,
f(A)6) : = Sanf(a) drayu (a)

Via Thu
. 7

. 13 in notes
,
this rightly determins F(A)eB(it).

#heaven: (Properties of functional calacs)

The bouded
,
measurable functional calculus obeys :

① P-homomorphise : · f(A)
*

= (F)(A)
· (f+g) (A) = f(A)+ g(t)
· (fg)(A) = f(A) g(t)

& IIf(A)l = sup If(a)) = llflIco/OCA)
2c 0(A)

③ (x + x)(A) = A

& fe+f in 20 => fu(A) + f(A) in strong op . topology

⑤(B
,
A] = 0 = [B

,
f(A)] = 0

&Spectral mapping them A (Ker(A->x)) = Ker(f(A)-f(x)n)



Projection-Valued Measure (Specul Projections)
There is another way to view spectral messes

.
Give any SER

measurable
, * is measurable and bouded .

So
, Xg/A) is a self-adjoint projection onto eigenspace of A within S

.

The
,

& Xir(A) = 1 Qug(a) = 0 Essen painnise disjoint implies

Xus, (A) = &Xs, (t)↑
ng

Im
stra

De: /Projection-Valued Measure for
inf. sum

A set fretier taking operator values X
.
(A) obeying - is a

projection-valued measure. We have
<4

,
X

.
(A)4) =Ma

,
4
,
4

#hearn: (Store's Theorem)

& (X(
,
>(A) + X(

,
x](t)) = slin Saliia-R-

where Ra(z) = (A-z4)

116-
Our goal is for AEBCH) to find a U : H + ((M

, dul
such that

(2A2
*)(f)(x) = F(x) f(x)

for some F(x) fixed Cusually F(x = x) andI a uniting

ContinuousFunctional Calculus

[herm: (BLT Theorem

let :S +Y whe SEX is duse and X
, Y Banch spaces.

Then
,
there exists a unique! Fix+Y s .

t.

-

Fls = T

"Dersely defined linear maps can be uniquely extended
.

-



Theor : & Continuous functional calculus)
-

CF-alg .

8)(f) =f(a)

Let act be a s . a .. The
,

there is a vique O : C(Ocal) +A sti

(a) O is a -homomorphism
,

#(fz) = &(A)d(g) ,
$(2f) = 10(5)

,
0(z+ 1) = 1

8) (f+g) = q(f)+ (g)
,
&(f) = ①(f)

*

(b) Il (f)lIn = Ifllo (2)((z + z) = a (d) O(Q(f)) = f(o(a)

(e) +20 = &(f) = 0

#of sketch : By BLT there and desity at polynomials
,

suffices to show

for polynomials. ---

B

Spectral Measures version 2 (the Riesz-Markov way)
Let AcBS) be sit .

A = A* Ther
,

win the continous functional calculus

we have that the
map from CCOCA) & defined for fixed Yett as

f+ (y
,
f(A)4)

B a positive liner functional on CIOCA))
. By the Riesz-Markow there

,

3. Buel measure he on &(A) S .t .

< 4
,
F(A)4) = Socf(z)dual) (FfeClolAl)

This is the spectral measure of A
,
U

.

#Learn: (Boel-messuable functional calculus) Buel fretics
from IR-C
↓

Let AcEnt) be self-adjoint. There is a unique % : B(R) -+ B(1+)

Sit.
our (A)

(a) is a -homomorphism (b) (1(f)((
Bay

= 11f()5

(2) (ziz) = A (d) fu+ f in 11 . 110 and 1/felled = P(ful +> *(f)

strongh
(e) AY= A4 => &(f)Y = f(x)4

Di Cayalia rector finite liner

combinations

We say Yet is cycle forA f spa
. YAY : mo3 is dense



Spectral Theore

Theorem :
-

Let AEBCH) be sufradjoint
,

and let Yest be cycle for A.

Ther, the is a unitary U: C+ + (2(0/A),Man) S i

t
.

(2) A 2-] (f)(x) = 1 f(z)

It tursat that we my decompose It into a dreat sun of countably
many speces which have cyclic vectors. The

,
we may generalize :

* Theore: (Spectral Theme, general) finie h
↓ info

Let AzE(+) be self-adjoint. Then there exist measures [Ma3
-

a O(A) and aU : H + EOI)
, mm] Sit

.

(2Au+)(4)
_
(x) = 74m(x)

whe U = (4
,
Yr

,
. . .
)e LOCA)

,
mr)

Defe :
-

Let &MuYm be a family of measures. Then
,

its support is

spt/mbe) := O Soten) ,

* intersection of closed

sets give fill measure

Prop:

Let AEB(1t) be self-adjoint and let EMaYm be the measures

given by the Spectral Theorem. Then
-

a(A) = spt(3mmY)

& Go look for it.
D



Recall the mesue theory fats :
discrete was

. 2 ↓2
&

purepoint abs , cont, sigule continues
↓ ↓ ↓

Let In be a measure on 14. Then
, M = Mpp + Maa +Ms

Then
,

L (IR,M) = LCIR
, Mop] @ LVCIR

,Mac) LIR
,Msc)

The spectral theorem the
gives

H =

pp
Han 1s

where Altpo hasonly pure port spection,

A
Hac

has only abo cont spector

A lise has only singule cort. Spectre

and (A) = Opp(a) UV to
In terrs of special projections :

Let REIR Boel
,

and die Pr := Xr(A).
Then

,

(a) Per is an orthogonal (s .
a.) projection

(b) Po = 0, P a
,

a)
= M Fas1All

( Pr
. Pr = Primer

(d) If R= he
,

the Pr=Sil
We call such P: MCIR) +B(1) projection-valued measures

.

#even: (Boo functional calculus again)

not P be a projection-rated musua. . Then thee FFECLOCA)
-

Here is a vish BER(H)
,

denoted BESfldPe ,
s .
t

.

< 4
,
B4) = S(dCY, PY) [Ft



Theorem: (Spectral Theorem]

There is a 1-to-1 corresponde between self-adjoint
AEB(1+) and a projection-valued measure SPreeB(IR) S .7

.

Fill in 11/28



1130-

II
.

Unbounded Operators

Recall that for banded operators A : H + It,

11All = SupEllAtIl : 11411=13 --

We nowfru to unbounded operators ,
where the domain

D1 is a rector subspace (perhaps not closed)
,

A : D- It linear,
and 11All = supGlIAY11 : 1141= 1 and HED/A73 can be infinite

.

We call an operator A closed iff

↑(A) : = S(4
,
A4) : MEDIAT -Closed (12) DIBI2B(A) and

Bloca = A
-

We call an operatoA closable if closedextensionB m operatur.iff

Theor:

It llAll-
,
Ibn A is closed E DCA) (Closed(11)

We call A densely defined iff FTA) = H .

Def : (Adjoints)

Let A be densely defined .
We seek A

*
sit .

(4
,
A4) = (A*Y

,
4) VY = &(A)

Fauvalety
,

for each If me seek a solution Set s .t. (4
,
A4) = (5

,

4) F4ED/A)

This doesn't exist everywhe, and so we defie the doman

*(AP):= &Ye H : J3zH st . <Y
,
14) = (5 ,

4) FYEOCATY
The

,
deve A*

C = 3 on the doman .



To see uniquess, (5
,
4) = (4

,
A47 = (3

,
4) = 5 -3EOCA)t = (ETA) B inSo

,
A

*
is a valid operator.

of DIA)

* It may happen that D(A*)= 303
.

Simulat
, we may

define A**

only when At is densely defined.

:

For A duses defined
, D(A*) = &Yet: A4

& (2) Let HeFAY,
and so KY

,
A471 = /(3

,
4311131111411

(2) Note that D(A) Y It (4
,
A4) is a bonded line functional . By Riesz

representation
,

(4
,
14) = (3

,
4).

B

Ele: (D/A*) isn't duse

Let f:Rt & be bounded and measurable
,

but notLe Ex YoEH=
2

and
-

define
A4 := (f

,
4) %

o on B(A) := 34eCr : SIA410 ?

Note that &(A) contains all functions of compact support, and so A

is densely defined .
Howe

,

(4
,
A*) = (A4

,
4) = < ((f, 4(40), 4) = (40

,
<4

,7)4)

So
, AP

Y = (To ,
4) f

,
which lies in 12 iff (40

,
47 = 0

.

Thus,
&(A*) = S43t which isn't dense

.

Theorem :
-

Let A be dusely defined .
The
-

① A
*

is closed & A is closable Et D(A*) = I
,

in which

case = A* R

③When A is closable
,
LAS

*
= At Caralogy with H



Bof: ① Define a untary V on H= +H = Ho7 via (

*
taking

W : = [to - i] taking
I of gropts

By unitarity, V(E)
+

= v(Et) for any rector subspace E.

We WiS A*
is losed ↑(A*) Closed (1C +2) which we will do

S

by showing that NAP) = (VN/A))t To see this
,
note that

(4
,
4) EN (A*) # UEF(A*) and Y= APY E) (4

, A3) = (4
, 3) FeO(A)

=> (74. 4) , (3,-A3)/ = 0 FeSA) E (4
.

4) /VINCA)

② (E) Suppose At is densely defined . We wis NTA) is the good
of

soun operator. We know

#A) = (M(A)+)
+ EU (VINAi+@ (UNCAt))+ & r(A**)

where we were able to appl D to A* size STAT = It
·

(E) Suppose At is not dusely defined.
Let HEO(A*t

,
and so

(4
,
0) et(A)

+

By the periors calculation
,
FTA) is not the groph of an openter.

③ If A is alosable
,
the

A
*= (A*)

**
= (A**)*= (1)

*

D

Refu: (Spectr of closable operate)

Let A be closed (if closable
,
handle1)

.
We define the resolvent set

s(A) := Ezek : (A-z1) : (A) + H is bijective 3
We defie the spectrum O(A) := KA(A)

&h: Why do we need closed ops? Let X= FCA) be a nowed v. s
.

with now

11411 + 11AYI
, making if a Banach space. By the closed groph theorem

,
fix+ c+

line is bonded I NCA) Closed (xx 1) .

The
, FzEAIA), of A is closed then CA-z4)"H + D(A) is imatible

and 11 (A -z1)" (l <x = (A -z1)"=B(1)
.



Remark : We still have points cont ,
resical spectr and the usual themes still

hold .

Expe : (spectrum depends on domain)

Recall A is absolutely continuous if feL' and f(x)= f(o) + Sof
Defie

A : = 34 : [0
,
1 + K : I is absolutely continous and 4eE(50, i)3

Defe two ops. A
, Az via BCAD=A

,
B(Ac) := SYet : Y10) =03

,

and both act via Y H-i4 Imomenture operator

It truns out that both A
, As are closed and densely defined,

but
OCA) = C & o(A) = d

Symmetrio & Self-Adjont Operators (fill in proos for the section)Later

Dete :
-

A (densely defined) is symmetrie if

< Y
,
A4) = (Ay

,
4) (4

,
Ye5(A)

# ARead Sinen

Met.

A (dusaly deend) is self-adjoint iff A = A*. That is
,

A is

symmetric #D D(A) = D(A *)
·

Pop

Let A be duse defined. The,

A symmetric A closable and T= A***A
*

= AA*** A*

A closed a synetic -> A = A*** A*

A self-adjoint => A = A**
= A+



Def :
-

We say a symmetric A is essentially self-adjont if (A)
*

=E

Prop :
-

If A is essentiallyIt it has a rique St extension.

# We knw E= A**
is a SA extension

.
LetB be any other SA extension

.

-

So, ACA &B
.

Since CID = D** C*, we know
2

A**

A
** [B = B* CA

***
= (i)* = A = A

**

Since B = B
, wa fie B = B = .

B

Themen:

Let A be symmetric. Then
,

the following are equivalent :

① A 3
S

.

A.
can ple with

nee
s

② A is closed and Ker (A* i ) = 303

③ im (A+ :1) = H

Zorollary:

Let A be symetric .
The

,

the following an equivalent :

& A is ess
.

SA

② Ker (A* in]= 303

③ im (A + iM) = 1



-

Thearm:

For A =At
,

& ll (A - z1)411E 11 (A - + 17411 + y2/14/2 (4 - D())

& OIA) FIR and ll(-z1)"ll = F3z3) (zc()IR)

③ ExelR
,

lim iy (A - (x+ iy)4) + 4 = - 4 (4= 1t)
y + x

& If 4.,nE0p(A) with 7
,

*2
,
then the corresponding eigenvectors

are onthogonal.

&: D 11 (A-z1)MR=<4
,
ER4) = 11 (A -++)41r+ y

: /1418

(A - EM)(A - =1)

= (A -xx)2 + yz

② let ze CYR
.

We wis zEB(A) Ed (A-z4) : 81A) -> If bejective .

It (A-z1)4 = 0 for some YeB(A)
,

Sin A S
.A .,

we know & (A-71)= M Y

=ad An a
Thus

, CUREAIA) E OLA) CIR.

Now
, FYeD/A) and all z=Azing , yo,

11411 = +y 11 (A-z4)4/l

For
any Yelt

,
Sire A-z4 : (A) -> H is natible

, JHeS/A) st.

(A-z4) Y = Y
,

and so

1) (A-=4) ell =i 141l (Y = 1)

=> Il (A-z1)"11 : Fast "the trival"
bound

③ Write B := A-x1
,

and so B is also S.A . with #(B)= SCA).
Note Bright is invertible by the above

,
and so

LB-ig4) (B-igH" = 1 => -iy (B-ign" + B(B-ig1 = 1

=> - is (B- ijt) + 1 = (B-ig4)"B-notethee
For any G YeSB)

,
we get

1) ig (B-ig+"Y+ 41) = 11 (B-iy+)" B411 = 11(B-iyt)' /l 113411
-

LHS = i llB41 -> 0



-S .A. is duseb defined

For TEH
,

I 543-8(B) s .
t

. 4 - 4. Use s argent to

show that its uniformly close to CMS to finish,

& Some proof as for bonded operators .

B

Direct Suns & Inverent Subspaces

Di (direct sun)

ret A :: S(Ai) + Hi
,

i= 1, 2.
We define the direct sum

A : = A,Ar : SS(A2) + H
, outz vie

subspace of H
,
12

A(4
,,
42) = (A

,
4

., Az4z]

& If A
,

is self-adjoint, then so is A
.

& (A - z4) = (A
,

- z1) (Az -z1)+

Defi Convenient subspace)
-

Let A be S
.A . on 1 .

A closed rector subspace If It
is said to be invariant under A iff

(A - z1)
+

ICI (ze((IR)

# If I &It is invenient under a self-aljout A
,

the so is It

Now
,
for give

invariant subspaces,

we may
restrict A to its invariant

subspaces .

aHibt

For Is It invariant under S
.A . A defie Al : DCA)1I-

va AIY= A4 FRESALNI .

Pop: At is also S
.

A.

#Study MAI) = NA)1(1xH) and use V: Th+ 7th unitary from
the characterization of closable ups.

D



So
,
for a invariant ICI

, writing H : IDI
,

we may
decompose A = A

=At+

Propi
countable-

↓

trLet [An : O(A1) + 1 In be a sequence of S
.A . ops.

Defin A = An on H := H with

D(A) : = 34 +1 : TheSAn) and EllAnYuII <33
Then ① A is also S

.
A
.

-

② (A -z1)" = (An-z1)
+

③ OCA) = WO(An)

↳of : ① Use (@An)
*

= A* Check R& S #I for the resty

Cycle Subspaces and Decomposition of S
.

A. Operatur

↓ (cyclis subspece) frite a

countably
↓ infinite
N

Let A be S
.
A. on 7 . Then EU

. En
-,

is called cycle for A
if

# = Span[(A-z1)" On : zeCVR
, neEl, -, 133

When Nil we recove the cyclicvector .

There always exists a

cyclic collection by takingIn ONB.

#hearen: (Decomposition)
separable

↓

Let A be S
.
A

. on H. The
->

I secure at closed renter

subspaces EHnYn[It which are nrtually arthogonal and S
.
A ,

~
the countable
Since I is separable

ops An : S(An) + It st.

① Fr
,

5416th St. In is cycle for An

② H = He and A = Ar



Prof: Let Eth3
n
be cycle for A . Defe

Y
,

= 4
,

and 1) , = span& (A-z1)"4: ze CVIR3

#) is a closed invenient subspace of It
,

and so define A := Aut
,

For the inductive step
,
let the be the first element of 54aYa not

in its. Decompon H : (h) (V)
+ and wate +

=: Yun

Let Hur , be cycliz subspace generated by Yet . The, Entit (e He
by the resolvent identity.

B

Spectral Theorem

Theorem: [Diegoul operators)

Let (X
, 5) be a measure space andm a positive ,

finite
measure . Let f : X+ I be F-measurablee. Define

M : O(M) + L(
,m) vin

&(M1) : = See(m) : fYet(xm)3
May : = +Y fre8(M)

Then
-

① Ma is S
.
A.

& ME BCE(X,
mi) iff feLPX

,
m) ,

in which case

IIMall = Il Allo

③ o(Ma) = 3 1tR : m(f"((1 - 3
,

n+ a))) > 0 Favo ?
-

essentialrange of f

Af: R & S I D

D: Cunitary equichee)
Let A :: (A :) - Hi

,
i = 1

,
2

.
A

,
is untarily equivalent to A2

iff J unitary U : 1, -Ha S .t
. Q US(A

,) = S(A)
② UA

,
U = Az



#hearn: (Spectral thu in cyclic casel

Let A be S
.
A

.
and Test

. The, 71 finte positive measure

Ma, 4
on It sot.

# Ma
,
y(1) = 11411 ① (4

,
(A -=4) 4) = Sir dra

,
+(t)

#f: With V(z) := In & (4
,
(A -z4)

+ 423 (zt (+)
=ImEz3 Il (A-z1)" 4112 Charmanic & positive)

By harmonic analysis
,

JC20 and pos · fite masue Ma,4
St.

v() = <In 373 + In 374 Stem det!
In 373

B In3z3 + - estimate
,

C = 0. By dominated convegace
, Ma

,
+(1) = 114IR

.

D

Therem :
-

L↓ Yelt be gale for S
.
A

.
A

. Then
,

A is untering
equivalent to Mxzx on Lh(I

,Man). In particular, O(A) = set (Ma
,
4).

From here
,

decompose It into gale subspaces and diagonalize the restriction
of A to these subspaces.



127-

1l 6-Schrodinger Operators (Tesch)

Recall the basics. H := 22 (IRd--e) are wanefunctions st. I is a

probability density on 129

Time Translation

Let PH) : /R + # be the
map from time to mavefunctions.

We know it follows the Schrodinger equation

id
+
y(t) = 44(+) for soven unbounded H

Thus, ↑(t) = e
- i+Hy(0) an (4

,
He) is expected energy in 4

.

We
may expect H = +V() as in the classical case. But no

,
we e.

Quantization

Write ↑ I I as the position op ,
on 12 auch

↓late p1 P == - itv
a the moreton operator. Then

,pos

H = P2+ V(E)
=T +V

if we use the standed units c= t = 1
,

m =
z
.

If there's a magnetic field
,

we write

H = (P - A(ET) + V(E)
.

First, lety investigate the case A = U= 0
,

the free particle.

The Laplacian

Consider - 1 an L(19) via -A = -d2. We might expect
to set

& -1) := 34eh : 1 has 2nd deninatus in 223

This isn't big enough to ensure -S is ess .
St

,
so we add more



De (week darative

feL"(IP-e) is weakly differentiable with weak deminative 4 : /R& + &

on jth axis iff

Spadj4f = -SpdTY (4eCY(1rd= ()

# (tj4,
f) = (4

,
4) (4 = (?(19 = e)

BecauseI vaishes at o
,

we have no Bonding terrs for integrations by
parts ,

Week deviatives are unique
,

and we say I Edit.

We then defi

&(-A) : = STEL : 4 has weak second derivative in 123

= H2(12d-e) @L2

to be the 201 Soboler space (a Hilbut space).

The Former Transform

We'd like to defie the Forria Transform F : CCIRA) -> LCIR) by

(F(4))(p) : = (mdeu
Howeve

,

it doesn't make sense to defe thismay on 22
,

so we

definean a dese subspace.

D (Schwertz Space)

SCRd + e) = = SHECP(R*+ e) : Sp1x(294)()/20 Va
,pe:093

The CIS
,

and so S is duse in 12

: F : S(d) + SCIRA) is a well-defied bijection with

↳ " )(x) = (m) Sperd eiY(p)de
Parseral

We know E= H
.

A= reflection
, IIF41l * 114112 on S



So
, BLT there allows us to extend A to a itey mas

FcB(L(Re)) .
It has the properties

# o(f) = 3 = 1
,

= i3

Explicity
,

we find

((e)(p) := idend
Bef: (Soboler spece)

FreN
, ge [1, 0)

,
the nE Soboler space of under an is

H
=<(129) : = S4 = L9(1Rd) :

p /pll" (F(4))(p) =La(19) 3
With a= 2

, we have the inner product

(4
, 4742 :=E 12

Back to - A

So
,

S(-1) = H2(IR) makes -A densely defined
. Note that

F makes -A unitarily equivalent to M
php2 or Era)

momentum

vie F(-A)F
*

= More pr space

Prop:

-

ol-A) = da
.

c(-1) = [0
,
)

&of : Let Yet
. We compute the spectral measure as follows :

Funite

(4,
1-1 - z4)4) = (A4,

A -z1)**F4)

polar cosp DpIR-z)
+

↓= Spend (*/ zdo = (odundCoSgadea) (wit.
r =c

-
= S?dul z = du(r)

de() with dup() =(,(2) CdSdeIFR)
So

, Ms , 4
is a . c wit . Lebesque !

D

: 2:(79) is a core for -1
.



Han
:explit-f) a unity operator o At nea

via

exp(- i + (-1))(x
,3) (4mi +)

*
exp(i) (x

, y = 129)

*Rain: Let &Ed be compact. Let Yel" be an initial state. The,
eventually 4 gets delocalized one time

,
i.

.e.

11 Xm(E) ei
+ -3)y/ = 0

In feet
,

this holds f ups u . only a .c . spectum (RAGEThorm] !

: Heet kenel exists with

2p(--(-1))(x
,y) = (+ +)

* exp( -E= 11 + -y(z)(x, y + 129)

Hain: Note that

= Set (1 =0 and &ze( w . ReEz3LO

We my compute -J's resolvent through the functional calculus :

(-1- z1)" = 9 exp(-+(-1 -z1))dt

We
my write this as an integel operator w.

Kerel

(- A - z1)(x
,y) = 9(unt)

-*
exp[k=

((x -y(+ zt)dt
modified Bessel fr

- ka1
(fzllx -y(1]

Note the special cases :

Al (-1- xx)
+
(x

,z) = zte
- Fz((x-21

(z = (((0
, x))

↳ (1 - zx)"(x
,z) = e

-
Fz(lx-y

um11x -y
C

.

W,

Wa have exponential day of resolvent any
from the speetom: In

this is the Combes - Thones Lemma.




