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Problem 2

In this problem, we will show that we can transform any algorithms with convergence guarantees for strongly
convex functions to new algorithms with provable convergence guarantees for convex functions.

Suppose we have an algorithm A (which is not necessarily gradient descent). The algorithm takes an
initial point 1 € X, and an integer T € N as input, and has the following guarantee: for any f-smooth,
a-strongly convex function f, after querying the gradient oracle T times, the output xzr satisfies:

flar) = f(z*) < LD* exp(~T/r)

where x := £/« is the condition number, and D is the diameter of domain X, i.e., D := max, yex || — y].

Prove that, for any f-smooth, convex function f, to find a point & such that f(Z) — f(z*) < g, it suf-
fices to query the gradient oracle O(¢/D?/¢) times, by smart uses of the algorithm A. Here O(-) hides both
constant and logarithmic factors.

Solution

Proof. Let € > 0. We will define
fw) = f@) + g lle — P

Note that this is 555-strongly convex since f(z) = f(x) — g5z||z — 1] is convex. Furthermore, we see that
for all x,y, we have

IV7(2) = VW) = [ V1) = V1) + 55 (le = a1l = ly = a1 ])|
< VH@) = VW) + 355 12— vl
< (04 5755) Il =9l

Z €
22 =1+ %215. If we let z* be the optimizer of f and
2D

So, f is (€ + ﬁ)—smooth. Then we get that K =
w be the optimizer of f, then running algorithm A for T steps gives

7 N\ prexp(-——T
o o0« (1 ) 9 ()
We know that f(w) < f(z*) by selection of w, and also that f(z7) < f(z1) since f < f always. So,

Plugging in our expression of f,
* T € * 2
ar) = 1) < (04 5155) D2esp (0 ) + elle” — il

(E + —) ex i +<
202 P\ cr2p2r) 71

€T
< ¢D? e ¢
=tE e ( e+ 2D2£> SERT

where we used that ||z* — z1]| < D and exp (76;27%20 < 1. So, if we set

2 2
T>m <4€D ) (%D +1>’
€ €
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then we get that

eT -1 40 D? eT < €
T _
c+2D% = ¢ P\ " e ) = w2

So, for such a selection of T', we have that

€ e
+ =€

flzr) — f(z) < EDQMDQ 1

Since such a selection of T’ can be made to be O (@) using O-tilde notation, we are done. m
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Problem 3

Consider SGD of update form
T = 2 — ng(x)
We assume that the stochastic gradient satisfies the following conditions:
(a) Vz, Bg(z) = Vf(2);
(b) Yz, Ellg(z) — Vf(2)|]* < 0.

In this question, we consider the unconstrained problem, and aim to prove the following theorem. Consider
a fixed time horizon T.

Theorem 1. For any a-strongly convex and £-smooth function f, SGD with learning rate 7 = min {%, o7

and ¢ = max{1,2In M} satisfies the following:

T+1 —T/r 2
% le o 20°L
Ef <t§_2 /\tzt> — f(z*) < 5 |1 — «*||* + T

where Ay := (1 — na)T+1’t/ZZ:+21(1 —na)TH1=% and x* is the minimizer of f.
(a) Prove that for any ¢ € [T'], we have

Ellai1 - a* > < (1 - na)E|la, — a2 - 2E[f(2141) — f(a*)] + 200>

(b) Prove the following inequality

T+1 efnaT
B> N(fx) = fa7)| < o 1 — a*[|* + no
t=2

(¢) Use above results to prove Theorem 1.

Solution

Proof. We will use that E|g(x)||*> = ||V f(x)||?> + 2 for all z, which can be found in the notes for Lecture
7. Throughout the problem below, we will at times condition on z;, and so we must be careful about the
difference between ||EV f(z;)| and E||V f(z:)||; luckily, by Jensen’s inequality and convexity of the norm we
see that [|[EV f(x¢)|| < E|Vf(x:)]]. So, when we apply the tower rule and remove the conditioning on z;, we
may bound both by E||V f(z;)| and avoid any confusion.

(a) By strong convexity, we know for all ¢ that, conditioned on the value of z¢, it holds that
* * « *
flze) = f(@") <(Vf(ze), 2 —2") — §||$t —z*|?
1 * @ *
=——(=nVf(ze),z —2%) — Sllve — H2

n 2

By linearity of the inner product and the fact that —nV f(z;) = E[-ng(x;)] = E[zi41 — 2], we see that
* 1 * a * |12
fla) = f(@") < _;E[<$t+1 =z — ")) = Sl — 2|

1 X % o *
=2 (Ellwrsr = 2ol + llor =27 ” = Ellzegs —27[) = Sllze — 27|
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Note that [|xi11 — 2¢]|? = n?|lg(ze)||? = Ela1 — zel|? = n2(|Vf(z)|* + 0?). So, applying an outer

expectation over x; as well,

02
Blf(@) = £ < RIS @)l + 25 + 5o (1 = n0)Blles = a* [ = Ellovss —aI) (1)

Next, we may take directly from the first part of the proof of Theorem 3 in Lecture 7 that by convexity,
smoothness, and the SGD update rule,

no?

n 2
Elf(@er1) = f(@)] < —3E|VS (@) + L

(2)

For notation, let 7 := 1 — na and §; := E||z; — 2*||?. Then, adding inequalities (1) and (2) yields

E[f (20s1) — f(27)] < no® + %(wst i)

Rearranging,
Sea1 <16 — 2E[f(zeyq — f(2*)] + 2002,

which is precisely the result of part (a).

(b) From part (a), we know that for all ¢ > 1,

E[f(z¢) — f(z*)] < no” + %(Mt—l —0¢)

Note that » > 0 for large enough T by selection of #; if « = 1 then 5 < % <l — 1-na>0andif

«a
2In(aT61) T+1—t
ol

¢ takes the other value then na < , which becomes < 1 for large enough 7. Define v, :=r

and Z := ZSTI; 7s such that A\; = 2. Then, multiplying the above equation by -,

Efy(f(ze) — F(z*)] < oy + %m_@_l ),

where we used that ry; = y:—1. Summing this inequality, we see that it telescopes into

T+1
S El(f(ee) — )] < 10°Z + %(m Y
t=2

Since Y7 116741 > 0 and 1 = T = (1 — na)T < "7 since 1 — b < e~ Vb, we see that

T+1 e—naT
D Blu(f(en) = f@)] < w2+ S~ =
t=2
Dividing by Z,
T+1 —naT
e

Y EN(f(a) — fa))] <

If we can show that Z > 1 then the result follows. To see this, we note that Z increases as a function of r
and that as r — 0, we have Z — 1 since ZSTI; 07+1=t = 0% = 1. Therefore, (b) is proven.

(c) We first note that since ZtT:Ql A+ = 1 this is a convex combination, and so convexity of f guarantees that

T4+1 T4+1
f (Z )\t> < Z A f(z¢)
t—2 t—2
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Applying this to the result of part (b),

T+1 e—naT
Ef (Z%>—f(x*)§ 37 = I+ o
t=2

By our choice of  we know that no? < Z—ZTL Also, we know that n < %, and so

e~nal  pe—neT e Le—noT o2
ot () - e < 5 s

We will split the last analysis into cases; in each case we want to show that

=012 < o oy — a4
T —T T, — T —
P =2 aT
as the result of part (c) will then follow. We proceed.
e Suppose that n = %. Then, naT = %, and so
Le=neT , le7T/w s Le7 TR , 02X
Lk — o < Lk
e = 2P = S = 2P < e - e+ T
e Suppose now that n = —% and + = 1, and so naT" = 1. Note that since _7 < %, we have
T aT ol
= > o 1= paT
K { — ol g
Thus,
Le—nT w12 le=T/n le= T/ o2t
_ < k2 < k12 i
e = 2P < S - 2P < e -+ T
as desired.
e Suppose now that n = % and ¢ = 2In olller—z7] Then, naT = ¢, and so
Le—neT lon — 2¥||% = Uz — z*||? o? _ lo?
2 2 a2?T?||zy — x*||2 22277

Since n = O%T we know that ¢ < %, and so

Le—neT 2
— <
2 s =" < 2aT't
Lastly, we know that ¢ > 1 and so % < ¢, yielding that
te—neT I *||2 < o2 < le=T/x I *HQ L oL
T —T — T — T —
2 M = 2T = 2 aT

as desired.

So, in any case we see that

T+1 —
N Le= T/ . 2021
Ef (Z At> —f@") £ 5l —2"|P + 5

and (c) is proven. m
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Problem 4

Consider binary classification problems with 0 — 1 loss. In the lecture, we proved that for a finite class of
classifiers F, under the realizable assumption

;Ielfftz:; {f(xs) # vt} =0,

the Halving algorithm (an improper learner) achieves a regret of O(In |F|), where O hides absolute constant
factors.

Prove that, under the same setting, Hedge (a proper learner) with learning rate ) = 1/2 achieves an expected
regret that is upper bounded by 41n |F]|.

Solution

Proof. Let K := In|F|. For each timestep t, let p, € A(K) be our probabilities for each classifier in F
and £; € {0, 1}¥ be the loss vector that assigns a loss value to each classifier. Then, we see that for the p;’s
provided by the Hedge algorithm, the lemma from the USC notes grants that

n

expected regret = i (pt, be) — 2": ) < % +n Z Zpt )i (i 2,
t=1

t=1 t=1 i=1

where we used the reasoning in the proof of Theorem 4 from the USC notes to observe that the LHS is
indeed the expected regret. Since we are in the realizable setting, £,(i*) = 0 for all ¢. Since we are using the
0 — 1loss, £;(i)% = £,(i), and so Y%, p,(i)£:(i)2 = (pr, £). Combining these facts, we see that

expected regret = Z (pr, b)) < HT +n Z (e, 4e)

t=1 t=1
Rearranging,

expected regret <

n(1 =)
Plugging in n = %, we see that
expected regret < 4Iln K = 41n |F|

as desired. m




